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Reference Frame in General Relativity
Aleks Kleyn
Abstract. A reference frame in event space is a smooth field of orthonormal
bases. Every reference frame is equipped by anholonomic coordinates. Using
anholonomic coordinates allows to find out relative speed of two observers and
appropriate Lorentz transformation.
Synchronization of a reference frame is an anholonomic time coordinate.
Simple calculations show how synchronization influences time measurement in
the vicinity of the Earth.
Measurement of Doppler shift from the star orbiting the black hole helps
to determine mass of the black hole. According observations of Sgr A, if non
orbiting observer estimates age of S2 about 10 Myr, this star is 0.297 Myr
younger.
1. Geometrical Object and Invariance Principle
The invariance principle which we studied [14] is limited by vector spaces and we
can use it only in frame of the special relativity. Our task is to describe structures
which allow to extend the invariance principle to general relativity.
A measurement of a spatial interval and a time length is one of the major tasks
of general relativity. This is a physical process that allows the study of geometry
in a certain area of spacetime. From a geometrical point of view, the observer
uses an orthonormal basis in a tangent plane as his measurement tool because an
orthonormal basis leads to the simplest local geometry. When the observer moves
from point to point he brings his measurement tool with him.
Notion of a geometrical object is closely related with physical values measured
in space time. The invariance principle allows expressing physical laws indepen-
dently from the selection of a basis. On the other hand if we want to examine a
relationship obtained in the test, we need to select measurement tool. In our case
this is basis. Choosing the basis we can define coordinates of the geometrical object
corresponding to studied physical value. Hence we can define the measured value.
Every reference frame is equipped by anholonomic coordinates. For instance,
synchronization of a reference frame is an anholonomic time coordinate. Simple
calculations show how synchronization influences time measurement in the vicinity
of the Earth. Measurement of Doppler shift from the star orbiting the black hole
helps to determine mass of the black hole.
Sections 9.1 and 10 show importance of calculations in orthogonal frame. Coor-
dinates that we use in event space are just labels and calculations that we make in
coordinates may appear not reliable. For instance in papers [6, 7] authors determine
coordinate speed of light. This leads to not reliable answer and as consequence of
this to the difference of speed of light in different directions.
Aleks Kleyn@MailAPS.org.
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Few authors consider Einstein’s idea about variability of speed of light [13].
However Einstein proposed this idea when supposed to create theory of gravity
in Minkovsky space, therefore he assumed that scale of space and time does not
change. When Einstein learned Riemann geometry he changed his mind and never
returned to idea about variable speed of light. Scale of space and time and speed of
light are correlated in present theory and we cannot change one without changing
another.
There are few papers dedicated to a variable speed of light theory [8, 9]. Their
theory is based on idea that metric tensor may be scaleable relative dilatation. This
idea is not new. As soon as Einstein published general relativity Weyl introduced his
idea to make theory invariant relative conformal transformation. However Einstein
was firmly opposed to this idea because it broke dependence between distance and
proper time. You can find detailed analysis in [10].
We have strong relation between the speed of light and units of length and time
in special and general relativity. When we develop new theory and discover that
speed of light is different we should ask ourselves about the reason. Did we make
accurate measurement? Do we have alternative way to exchange information and
synchronize reference frame? Did transformations between reference frames change
and do they create group?
In some models photon may have small rest mass [11]. In this case speed of light
is different from maximal speed and may depend on direction. Recent experiment
[12] put limitation on parameters of these models.
2. Reference Frame on Manifold
As is shown in section [14]-5 we can identify frame manifold of vector space and
symmetry group of this space. Our interest was not details of structure of basis,
and stated theory can be generalized and extended on an arbitrary manifold. The
details of structure of basis did not interest us and stated theory can be generalized.
In this section we generalize the definition of a frame and introduce a reference frame
on a manifold. In case of an event space of general relativity it leads us to a natural
definition of a reference frame and the Lorentz transformation.
When we study manifold V the geometry of tangent space is one of important
factors. In this section, we will make the following assumption.
• All tangent spaces have the same geometry.
• Tangent space is vector space V of finite dimension n.
• Symmetry group of tangent space is Lie group G.
Definition 2.1. Set e =< e(i), i ∈ I > of vector fields e(i) is called G-reference
frame, if for any x ∈ V set e(x) =< e(i)(x), i ∈ I > is a G-basis
1 in tangent space
Tx.
2 We use notation e(i) ∈ e for vector fields which form G-reference frame e. 
Vector field a has expansion
(2.1) a = a(i)e(i)
relative reference frame e.
If we do not limit definition of a reference frame by symmetry group, then at each
point of the manifold we can select reference frame ∂ =< ∂i > based on vector fields
1According to section [14]-5 we can identify basis e(x) with an element of group G.
2In each particular case we need to prove existence of G-reference frame on manifold.
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tangent to lines xi = const. We call this field of bases the coordinate reference
frame. Vector field a has expansion
(2.2) a = ai∂i
relative coordinate reference frame. Then standard coordinates of reference frame
e have form ek(i)
(2.3) e(i) = e
k
(i)∂k
Because vectors e(i) are linearly independent at each point matrix ‖e
k
(i)‖ has inverse
matrix ‖e
(i)
k ‖
(2.4) ∂k = e
(i)
k e(i)
We use also a more extensive definition for reference frame on manifold, presented
in form e = (e(k), e
(k)) where we use the set of vector fields e(k) and dual forms e
(k)
such that
(2.5) e(k)(e(l)) = δ
(k)
(l)
at each point. Forms e(k) are defined uniquely from (2.5).
In a similar way, we can introduce a coordinate reference frame (∂i, ds
i). These
reference frames are linked by the relationship
e(k) = e
i
(k)∂i(2.6)
e(k) = e
(k)
i dx
i(2.7)
From equations (2.6), (2.7), (2.5) it follows
(2.8) e
(k)
i e
i
(l) = δ
(k)
(l)
In particular we assume that we have GL(n)-reference frame (∂, dx) raised by
n differentiable vector fields ∂i and 1-forms dx
i, that define field of bases ∂ and
cobases dx dual them.
If we have function ϕ on V than we define pfaffian derivative
dϕ = ∂iϕdx
i
3. Reference Frame in Event Space
Starting from this section, we consider orthogonal reference frame e = (e(k), e
(k))
in Riemann space with metric gij . According to definition, at each point of Riemann
space vector fields of orthogonal reference frame satisfy to equation
gije
i
(k)e
j
(l) = g(k)(l)
where g(k)(l) = 0, if (k) 6= (l), and g(k)(k) = 1 or g(k)(k) = −1 depending on signature
of metric.
We can define the reference frame in event space V as O(3, 1)-reference
frame. To enumerate vectors, we use index k = 0, ..., 3. Index k = 0 corresponds to
time like vector field.
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Remark 3.1. We can prove the existence of a reference frame using the orthogono-
lization procedure at every point of space time. From the same procedure we get
that coordinates of basis smoothly depend on the point.
A smooth field of time like vectors of each basis defines congruence of lines that
are tangent to this field. We say that each line is a world line of an observer or
a local reference frame. Therefore a reference frame is set of local reference
frames. 
We define the Lorentz transformation as transformation of a reference frame
x′
i
= f i(x0, x1, x2, x3)
(3.1) e′
i
(k) = a
i
jb
(l)
(k)e
j
(l)
where
aij =
∂x′i
∂x′j
δ(i)(l)b
(i)
(j)b
(l)
(k) = δ(j)(k)
We call the transformation aij the holonomic part and transformation b
(l)
(k) the an-
holonomic part.
4. Anholonomic Coordinates
Let E(V,G, pi) be the principal bundle, where V is the differential manifold of
dimension n and class not less than 2. We also assume that G is symmetry group
of tangent plain.
We define connection form on principal bundle
(4.1) ωL = λLNda
N + ΓLi dx
i ω = λNda
N + Γdx
We call functions Γi connection components.
If fiber is group GL(n), than connection has form
(4.2) ωab = Γ
a
bcdx
c
ΓAi = Γ
a
bi
A vector field a has two types of coordinates: holonomic coordinates ai rel-
ative coordinate reference frame and anholonomic coordinates a(i) relative ref-
erence frame. These two forms of coordinates also hold the relation
(4.3) ai(x) = ei(i)(x)a
(i)(x)
at any point x.
We can study parallel transfer of vector fields using any form of coordinates.
Because (3.1) is a linear transformation we expect that parallel transfer in anholo-
nomic coordinates has the same representation as in holonomic coordinates. Hence
we write
dak = −Γkija
idxj
da(k) = −Γ
(k)
(i)(j)a
(i)dx(j)
It is required to establish link between holonomic coordinate of connection
Γkij and anholonomic coordinates of connection Γ
(k)
(i)(j)
(4.4) ai(x+ dx) = ai(x) + dai = ci(x) − Γikpc
k(x)dxp
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(4.5) a(i)(x+ dx) = a(i)(x) + da(i) = c(i)(x) − Γ
(i)
(k)(p)c
(k)(x)dx(p)
Considering (4.4), (4.5), and (4.3) we get
(4.6)
ai(x)− Γikpa
k(x)dxp
= ei(i)(x+ dx)
(
a(i)(x)− Γ
(i)
(k)(p)e
(k)
i (x)a
i(x)e
(p)
p (x)dxp
)
It follows from (4.6) that
Γ
(i)
(k)(p)e
(k)
i (x)e
(p)
p (x)a
i(x)dxp = a(i)(x) − e
(i)
i (x+ dx)
(
ai(x)− Γikpa
k(x)dxp
)
= ai(x)e
(i)
i (x)− e
(i)
i (x+ dx)
(
ai(x)− Γikpa
k(x)dxp
)
= ai(x)
(
e
(i)
i (x) − e
(i)
i (x+ dx)
)
+ e
(i)
j (x)Γ
j
ipa
i(x)dxp
= e
(i)
j (x)Γ
j
ipa
i(x)dxp − ai(x)
∂e
(i)
i (x)
∂xp
dxp
=
(
e
(i)
j (x)Γ
j
ip −
∂e
(i)
i (x)
∂xp
)
ai(x)dxp
Because ai(x) and dxp are arbitrary we get
Γ
(i)
(k)(p)e
(k)
i (x)e
(p)
p (x) = e
(i)
j (x)Γ
j
ip −
∂e
(i)
i (x)
∂xp
(4.7) Γ
(i)
(k)(p) = e
i
(k)e
p
(p)e
(i)
j Γ
j
ip − e
i
(k)e
p
(p)
∂e
(i)
i
∂xp
We introduce symbolic operator
(4.8)
∂
∂x(p)
= ep(p)
∂
∂xp
From (2.8) it follows
(4.9) ei(l)
∂e
(k)
i
∂xp
+ e
(k)
i
∂ei(l)
∂xp
= 0
Substitude (4.8) and (4.9) into (4.7)
(4.10) Γ
(i)
(k)(p) = e
i
(k)e
p
(p)e
(i)
j Γ
j
ip − e
(i)
i
∂ei(k)
∂x(p)
Equation (4.10) shows some similarity between holonomic and anholonomic co-
ordinates. We introduce symbol ∂(k) for the derivative along vector field e(k)
∂(k) = e
i
(k)∂i
Then (4.10) takes the form
Γ
(k)
(l)(p) = e
i
(l)e
r
(p)e
(k)
j Γ
j
ir − e
i
(l)∂(p)e
(k)
i
Therefore when we move from holonomic coordinates to anholonomic, the con-
nection transforms the way similarly to when we move from one coordinate system
to another. This leads us to the model of anholonomic coordinates.
The vector field e(k) generates lines defined by the differential equations
ej(l)
∂t
∂xj
= δ
(k)
(l)
5
Reference Frame in General Relativity
Aleks Kleyn
or the symbolic system
(4.11)
∂t
∂x(l)
= δ
(k)
(l)
Keeping in mind the symbolic system (4.11) we denote the functional t as x(k) and
call it the anholonomic coordinate. We call the regular coordinate holonomic.
From here we can find derivatives and get
(4.12)
∂x(i)
∂xk
= e
(i)
k
The necessary and sufficient conditions of complete integrability of system (4.12)
are
c
(i)
(k)(l) = 0
where we introduced anholonomity object
(4.13) c
(i)
(k)(l) = e
k
(k)e
l
(l)
(
∂e
(i)
k
∂xl
−
∂e
(i)
l
∂xk
)
Therefore each reference frame has n vector fields
∂(k) =
∂
∂x(k)
= ei(k)∂i
which have commutator
[∂(i), ∂(j)] =
(
ek(i)∂ke
l
(j) − e
k
(j)∂ke
l
(i)
)
e
(m)
l ∂(m) =
ek(i)e
l
(i)
(
−∂ke
(m)
l + ∂le
(m)
l
)
∂(m) = c
(m)
(k)(l)∂(m)
For the same reason we introduce forms
dx(k) = e(k) = e
(k)
l dx
l
and an exterior differential of this form is
d2x(k) = d
(
e
(k)
i dx
i
)
=
(
∂je
(k)
i − ∂ie
(k)
j
)
dxi ∧ dxj
= −c
(m)
(k)(l)dx
(k) ∧ dx(l)
(4.14)
Therefore when c
(i)
(k)(l) 6= 0, the differential dx
(k) is not an exact differential
and the system (4.12) in general cannot be integrated. However we can create
a meaningful object that models the solution. We can study how function x(i)
changes along different lines. We call such cordinates anholonomic coordinates
on manifold.
Remark 4.1. Function x(i) is a natural parameter along a flow line of vector field
e(i). We study an instance of such function in section 8. The proper time is defined
along world line of local reference frame. As we see in remark 3.1 world lines of local
reference frames cover spacetime. To make proper time of local reference frames as
time of reference frame we expect that proper time smoothly changes from point
to point. To synchronize clocks of local reference frames we use classical procedure
of exchange light signals.
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From mathematical point of view this is problem to integrate differential form.
However, a change of function along a loop is
∆x(i) =
∮
dx(i)
=
∫ ∫
c
(i)
(k)(l)dx
(k) ∧ dx(l)
=
∫ ∫
c
(i)
(k)(l)e
(k)
k e
(l)
l dx
k ∧ dxl
(4.15)
Somebody may have impression that we cannot synchronize clock, however this
conflicts with our observation. We accept that synchronization is possible until
we introduce time along non closed lines. Synchronization breaks when we try
synchronize clocks along closed line.
This means ambiguity in definition of anholonomic coordinates. 
From now on we will not make a difference between holonomic and anholonomic
coordinates. Also, we will denote b
(l)
(k) as a
−1(l)
(k) in the Lorentz transformation (3.1).
Even form dx(k) is not exact differential, we can see that form d2x(k) is exterior
differential of form dx(k). Therefore
(4.16) d3x(k) = 0
We can represent exterior differential of form, written in anholonomic coordi-
nates, as
d(a(i1)...(in)dx
(i1) ∧ ... ∧ dx(in))
=a(i1)...(in),pdx
p ∧ dx(i1) ∧ ... ∧ dx(in)
−a(i1)...(in)ddx
(i1) ∧ ... ∧ dx(in) − ...− (−1)n−1a(i1)...(in)dx
(i1) ∧ ... ∧ ddx(in)
=a(i1)...(in),(p)e
(p)
p e
p
(r)dx
(r) ∧ dx(i1) ∧ ... ∧ dx(in)
−a(i1)...(in)c
(i1)
(p)(r)dx
(p) ∧ dx(r) ∧ ... ∧ dx(in) − ...
−(−1)n−1a(i1)...(in)dx
(i1) ∧ ... ∧ c
(in)
(p)(r)dx
(p) ∧ dx(r)
=(a(i1)...(in),(p) − a(r)...(in)c
(r)
(p)(i1)
− ...− a(i1)...(r)c
(r)
(p)(in)
)dx(p) ∧ dx(i1) ∧ ... ∧ dx(in)
In case of form d3x(k) we get equation
(4.17)
d(c
(k)
(i)(j)dx
(i) ∧ dx(j))
= (c
(k)
(i)(j),(p) − c
(k)
(r)(j)c
(r)
(p)(i) − c
(k)
(i)(r)c
(r)
(p)(j))dx
(p) ∧ dx(i) ∧ dx(j)
From equations (4.16) and (4.17) it follows
(4.18) (c
(k)
(i)(j),(p) − c
(k)
(r)(j)c
(r)
(p)(i) − c
(k)
(i)(r)c
(r)
(p)(j))dx
(p) ∧ dx(i) ∧ dx(j) = 0
It is easy to see that
(4.19)
(−c
(k)
(r)(j)c
(r)
(p)(i) − c
(k)
(i)(r)c
(r)
(p)(j))dx
(i) ∧ dx(j)
= (−c
(k)
(r)(j)c
(r)
(p)(i) + c
(k)
(r)(i)c
(r)
(p)(j))dx
(i) ∧ dx(j)
= −2c
(k)
(r)(j)c
(r)
(p)(i)dx
(i) ∧ dx(j)
Substituting from (4.19) into (4.18) gives
(4.20) (c
(k)
(i)(j),(p) − 2c
(k)
(r)(j)c
(r)
(p)(i))dx
(p) ∧ dx(i) ∧ dx(j) = 0
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From (4.20), it follows
(4.21)
c
(k)
(i)(j),(p) + c
(k)
(j)(p),(i) + c
(k)
(p)(i),(j)
= 2c
(k)
(r)(j)c
(r)
(p)(i) + 2c
(k)
(r)(p)c
(r)
(i)(j) + 2c
(k)
(r)(i)c
(r)
(j)(p)
We define the curvature form for connection (4.1)
Ω = dω + [ω, ω]
ΩD = dωD + CDABω
A ∧ ωB = RDijdx
i ∧ dxj
where we defined a curvature object
RDij = ∂iΓ
D
j − ∂jΓ
D
i + C
D
ABΓ
A
i Γ
B
j + Γ
D
k c
k
ij
The curvature form for the connection (4.2) is
(4.22) Ωac = dω
a
c + ω
a
b ∧ ω
b
c
where we defined a curvature object
(4.23) RDij = R
a
bij = ∂iΓ
a
bj − ∂jΓ
a
bi + Γ
a
ciΓ
c
bj − Γ
a
cjΓ
c
bi + Γ
a
bkc
k
ij
We introduce Ricci tensor
Rbj = R
a
baj = ∂aΓ
a
bj − ∂jΓ
a
ba + Γ
a
caΓ
c
bj − Γ
a
cjΓ
c
ba + Γ
a
bkc
k
aj
5. Metric-affine Manifold
For connection (4.2) we defined the torsion form
(5.1) T a = d2xa + ωab ∧ dx
b
From (4.2) it follows
(5.2) ωab ∧ dx
b = (Γabc − Γ
a
cb)dx
c ∧ dxb
Putting (5.2) and (4.14) into (5.1) we get
(5.3) T a = T acbdx
c ∧ dxb = −cacbdx
c ∧ dxb + (Γabc − Γ
a
cb)dx
c ∧ dxb
where we defined torsion tensor
(5.4) T acb = Γ
a
bc − Γ
a
cb − c
a
cb
Commutator of second derivatives has form
(5.5) uα;kl − u
α
;lk = R
α
βlku
β − T plku
α
;p
From (5.5) it follows that
(5.6) ξa;cb − ξ
a
;bc = R
a
dbcξ
d − T pbcξ
a
;p
In Rieman space we have metric tensor gij and connection Γ
k
ij . One of the
features of the Rieman space is symetricity of connection and covariant derivative of
metric is 0. This creates close relation between metric and connection. However the
connection is not necessarily symmetric and the covariant derivative of the metric
tensor may be different from 0. In latter case we introduce the nonmetricity
(5.7) Qijk = g
ij
;k = g
ij
,k + Γ
i
pkg
pj + Γjpkg
ip
Due to the fact that derivative of the metric tensor is not 0, we cannot raise or
lower index of a tensor under derivative as we do it in regular Riemann space. Now
this operation changes to next
ai;k = g
ijaj;k + g
ij
;kaj
8
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This equation for the metric tensor gets the following form
gab;k = −g
aigbjgij;k
Definition 5.1. We call a manifold with a torsion and a nonmetricity the metric-
affine manifold [3]. 
If we study a submanifold Vn of a manifold Vn+m, we see that the immersion
creates the connection Γαβγ that relates to the connection in manifold as
Γαβγe
l
α = Γ
l
mke
m
β e
k
γ +
∂elβ
∂uγ
Therefore there is no smooth immersion of a space with torsion into the Riemann
space.
6. Geometrical Meaning of Torsion
Suppose that a and b are non collinear vectors in a point A (see figure 6.1).
We draw the geodesic La through the
point A using the vector a as a tan-
gent vector to La in the point A. Let
τ be the canonical parameter on La
and
dxk
dτ
= ak
We transfer the vector b along the
geodesic La from the point A into a
point B that defined by any value of
the parameter τ = ρ > 0. We mark
the result as b′.
We draw the geodesic Lb through the
point A using the vector b as a tan-
gent vector to Lb in the point A. Let
ϕ be the canonical parameter on Lb
and
dxk
dϕ
= bk
We transfer the vector a along the
geodesic Lb from the point A into a
point D that defined by any value of
the parameter ϕ = ρ > 0. We mark
the result as a′.
We draw the geodesic Lb′ through
the point B using the vector b′ as a
tangent vector to Lb′ in the point B.
Let ϕ′ be the canonical parameter on
Lb′ and
dxk
dϕ′
= b′k
We define a point C on the geodesic
Lb′ by parameter value ϕ
′ = ρ
We draw the geodesic La′ through
the point D using the vector a′ as a
tangent vector to La′ in the point D.
Let τ ′ be the canonical parameter on
La′ and
dxk
dτ ′
= a′k
We define a point E on the geodesic
La′ by parameter value τ
′ = ρ
Formally lines AB andDE as well as lines AD and BC are parallel lines. Lengths
of AB and DE are the same as well as lengths of AD and BC are the same. We
call this figure a parallelogram based on vectors a and b with the origin in the
point A.
Theorem 6.1. Suppose CBADE is a parallelogram with a origin in the point
A; then the resulting figure will not be closed [4]. The value of the difference of
coordinates of points C and E is equal to surface integral of the torsion over this
parallelogram3
∆CEx
k =
∫∫
T kmndx
m ∧ dxn
3Proof of this statement I found in [5]
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A
a
b
B b
′
a′
C
D
E
✄
✄
✄
✄✄✗
✟✟
✟✯ ◗◗
✻
✑
✑
✑✸
Figure 6.1. Meaning of Torsion
Proof. We can find an increase of coordinate xk along any geodesic as
∆xk =
dxk
dτ
τ +
1
2
d2xk
dτ2
τ2 +O(τ2) =
=
dxk
dτ
τ −
1
2
Γkmn
dxm
dτ
dxn
dτ
τ2 +O(τ2)
where τ is canonical parameter and we take values of derivatives and components
Γkmn in the initial point. In particular we have
∆ABx
k = akρ−
1
2
Γkmn(A)a
manρ2 +O(ρ2)
along the geodesic La and
(6.1) ∆BCx
k = b′kρ−
1
2
Γkmn(B)b
′mb′nρ2 +O(ρ2)
along the geodesic Lb′ . Here
(6.2) b′k = bk − Γkmn(A)b
mdxn +O(dx)
is the result of parallel transfer of bk from A to B and
(6.3) dxk = ∆ABx
k = akρ
with precision of small value of first level. Putting (6.3) into (6.2) and (6.2) into
(6.1) we will receive
∆BCx
k = bkρ− Γkmn(A)b
manρ2 −
1
2
Γkmn(B)b
mbnρ2 +O(ρ2)
Common increase of coordinate xK along the way ABC has form
∆ABCx
k = ∆ABx
k +∆BCx
k =
(6.4) = (ak + bk)ρ− Γkmn(A)b
manρ2−
−
1
2
Γkmn(B)b
mbnρ2 −
1
2
Γkmn(A)a
manρ2 +O(ρ2)
Similar way common increase of coordinate xK along the way ADE has form
∆ADEx
k = ∆ADx
k +∆DEx
k =
10
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(6.5) = (ak + bk)ρ− Γkmn(A)a
mbnρ2−
−
1
2
Γkmn(D)a
manρ2 −
1
2
Γkmn(A)b
mbnρ2 +O(ρ2)
From (6.4) and (6.5), it follows that
∆ADEx
k −∆ABCx
k =
= Γkmn(A)b
manρ2 +
1
2
Γkmn(B)b
mbnρ2
1
+
1
2
Γkmn(A)a
manρ2
2
−
−Γkmn(A)a
mbnρ2 −
1
2
Γkmn(D)a
manρ2
2
−
1
2
Γkmn(A)b
mbnρ2
1
+O(ρ2)
For small enough value of ρ underlined terms annihilate each other and we get
integral sum for expression
∆ADEx
k −∆ABCx
k =
∫∫
Σ
(Γknm − Γ
k
mn)dx
m ∧ dxn
However it is not enough to find the difference
∆ADEx
k −∆ABCx
k
to find the difference of coordinates of points C and E. Coordinates may be an-
holonomic and we have to consider that coordinates along closed loop change (4.15)
∆xk =
∮
ECBADE
dxk = −
∫∫
Σ
ckmndx
m ∧ dxn
where c is anholonomity object.
Finally the difference of coordinates of points C and E is
∆CEx
k = ∆ADEx
k −∆ABCx
k +∆xk =
∫∫
Σ
(Γknm − Γ
k
mn − c
k
mn)dx
m ∧ dxn
Using (5.4) we prove the statement. 
7. Relation between Connection and Metric
Now we want to find how we can express connection if we know metric and
torsion. According to definition
−Qkij = gij;k = gij,k − Γ
p
ikgpj − Γ
p
jkgpi
−Qkij = gij,k − Γ
p
ikgpj − Γ
p
kjgpi − S
p
jkgpi
We move derivative of g and torsion to the left-hand side.
(7.1) gij,k +Qkij − S
p
jkgpi = Γ
p
ikgpj + Γ
p
kjgpi
Changing order of indexes we write two more equations
(7.2) gjk,i +Qijk − S
p
kigpj = Γ
p
jigpk + Γ
p
ikgpj
(7.3) gki,j +Qjki − S
p
ijgpk = Γ
p
kjgpi + Γ
p
jigpk
If we substruct equation (7.1) from sum of equations (7.2) and (7.1) we get
gki,j + gjk,i − gij,k +Qijk +Qjki −Qkij − S
p
ijgpk − S
p
kigpj + S
p
jkgpi = 2Γ
p
jigpk
Finally we get
Γpji =
1
2
gpk(gki,j + gjk,i − gij,k +Qijk +Qjki −Qkij − S
r
ijgrk − S
r
kigrj + S
r
jkgri)
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8. Synchronization of Reference Frame
Because an observer uses an orthogonal basis for measurement at each point we
can expect that he uses anholonomic coordinates as well. We also see that the time
coordinate along a local reference frame is the observer’s proper time. Because the
reference frame consists of local reference frames, we expect that their proper times
are synchronized.
We introduce the synchronization of reference frame as the anholonomic
time coordinate.
Because synchronization is the anholonomic coordinate it introduces new physi-
cal phenomena that we should keep in mind when working with strong gravitational
fields or making precise measurements. I describe one of these phenomena below.
9. Anholonomic Coordinates in Central Body Gravitational Field
We will study an observer orbiting around a central body. The results are only
estimation and are good when eccentricity is near 0 because we study circular orbits.
However, the main goal of this estimation is to show that we have a measurable
effect of anholonomity.
We use the Schwarzschild metric of a central body
(9.1) ds2 =
r − rg
r
c2dt2 −
r
r − rg
dr2 − r2dφ2 − r2sin2φdθ2
rg =
2Gm
c2
G is the gravitational constant, m is the mass of the central body, c is the speed of
light.
Connection in this metric is
Γ010 =
rg
2r(r − rg)
Γ100 =
rg(r − rg)
2r3
Γ111 = −
rg
2r(r − rg)
Γ122 = −(r − rg)
Γ133 = −(r − rg) sin
2 φ
Γ212 = −
1
r
Γ233 = − sinφ cosφ
Γ313 = −
1
r
Γ323 = cotφ
I want to show one more way to calculate the Doppler shift. The Doppler shift
in gravitational field is well known issue, however the method that I show is useful
to better understand physics of gravitational field.
We can describe the movement of photon in gravitational field using its wave
vector ki. The length of this vector is 0; k
i
dxi
= const; a trajectory is geodesic and
therefore coordinates of this vector satisfy to differential equation
(9.2) dki = −Γiklk
kdxl
12
Aleks Kleyn
Reference Frame in General Relativity
We looking for the frequency ω of light and k0 is proportional ω. Let us consider
the radial movement of a photon. In this case wave vector has form k = (k0, k1, 0, 0).
In the central field with metric (9.1) we can choose
k0 =
ω
c
√
r
r − rg
k1 = ω
√
r − rg
r
dt =
k0
k1
dr =
1
c
r
r − rg
dr
Then the equation (9.2) gets form
dk0 = −Γ010(k
1dt+ k0dr)
d
(
ω
c
√
r
r − rg
)
= −
rgω
2r(r − rg)
(√
r − rg
r
r
r − rg
+
√
r
r − rg
)
dr
c
dω
√
r
r − rg
− ω
1
2
√
r − rg
r
rgdr
(r − rg)2
= −
rgωdr
r(r − rg)
√
r
r − rg
dω
ω
= −
rg
2r(r − rg)
dr
lnω =
1
2
ln
r
r − rg
+ lnC
If we define ω = ω0 when r =∞, we get finally
ω = ω0
√
r
r − rg
9.1. Time Delay in Central Body Gravitational Field. We will study orbiting
around a central body. The results are only an estimation and are good when
eccentricity is near 0 because we study circular orbits. However, the main goal of
this estimation is to show that we have a measurable effect of anholonomity.
Let us compare the measurements of two observers. The first observer fixed his
position in the gravitational field
t =
s
c
√
r
r − rg
r = const, φ = const, θ = const
The second observer orbits the center of the field with constant speed
t = s
√
r
(r − rg)c2 − α2r3
φ = α s
√
r
(r − rg)c2 − α2r3
r = const, θ = const
We choose a natural parameter for both observers.
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The second observer starts his travel when s = 0 and finishes it when returning
to the same spatial point. Because φ is a cyclic coordinate the second observer
finishes his travel when φ = 2pi. We have at this point
s2 =
2pi
α
√
(r − rg)c2 − α2r3
r
t = T =
2pi
α
The value of the natural parameter for the first observer at this point is
s1 =
2pi
α
c
√
r − rg
r
The difference between their proper times is
∆s = s1 − s2 =
2pi
α
(
c
√
r − rg
r
−
√
(r − rg)c2 − α2r3
r
)
We have a difference in centimeters. To get this difference in seconds we should
divide both sides by c.
∆t =
2pi
α
(√
r − rg
r
−
√
r − rg
r
−
α2r2
c2
)
Now we get specific data.
The mass of the Sun is 1.9891033 g, the Earth orbits the Sun at a distance of
1.4959851013 cm from its center during 365.257 days. In this case we get ∆t =
0.155750625445089 s. Mercury orbits the Sun at a distance of 5.7911012 cm from
its center during 58.6462 days. In this case we get ∆t = 0.145358734930827 s.
The mass of the Earth is 5.9771027 g. The spaceship that orbits the Earth at
a distance of 6.916108 cm from its center during 95.6 mins has ∆t = 1.831810 − 6
s. The Moon orbits the Earth at a distance of 3.841010 cm from its center during
27.32 days. In this case we get ∆t = 1.37210 − 5 s.
For better presentation I put these data to tables 9.1, 9.2, and 9.3.
Because clocks of first observer show larger time at meeting, first observer esti-
mates age of second one older then real. Hence, if we get parameters of S2 orbit
from [1], we get that if first observer estimates age of S2 as 10 Myr then S2 will be
.297 Myr younger.
Table 9.1. Sun is central body, mass is 1.9891033 g
Sputnik Earth Mercury
distance, cm 1.4959851013 5.7911012
orbit period, days 365.257 58.6462
Time delay s 0.15575 0.14536
14
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Table 9.2. Earth is central body, mass is 5.9771027 g
Sputnik spaceship Moon
distance, cm 6.916108 3.841010
orbit period 95.6 mins 27.32 days
Time delay, s 1.831810 − 6 1.37210 − 5
Table 9.3. Sgr A is central body, S2 is sputnik
mass, M⊙ 4.1106 3.7106
distance sm 1.46921016 1.15651016
orbit period, years 15.2 15.2
Time delay, min 164.7295 153.8326
10. Lorentz Transformation in Orbital Direction
The reason for the time delay that we estimated above is in Lorentz transforma-
tion between stationary and orbiting observers. This means that we have rotation
in plain (e(0), e(2)). The basis vectors for stationary observer are
e(0) = (
1
c
√
r
r − a
, 0, 0, 0)
e(2) = (0, 0,
1
r
, 0)
We assume that for orbiting observer changes of φ and t are proportional and
dφ = ωdt
Unit vector of speed in this case should be proportional to vector
(10.1) (1, 0, ω, 0)
The length of this vector is
(10.2) L2 =
r − a
r
c2 − r2ω2
We see in this expression very familiar pattern and expect that linear speed of
orbiting observer is V = ωr.
However we have to remember that we make measurement in gravitational field
and coordinates are just tags to label points in spacetime. This means that we need
a legal method to measure speed.
If an object moves from point (t, φ) to point (t+ dt, φ+ dφ) we need to measure
spatial and time intervals between these points. We assume that in both points
there are observers A and B. Observer A sends the same time light signal to B
and ball that has angular speed ω. Whatever observer B receives, he sends light
signal back to A.
When A receives first signal he can estimate distance to B. When A receives
second signal he can estimate how long ball moved to B.
The time of travel of light in both directions is the same. Trajectory of light is
determined by equation ds2 = 0. In our case we have
r − rg
r
c2dt2 − r2dφ2 = 0
15
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When light returns back to observer A the change of t is
dt = 2
√
r
r − rg
c−1rdφ
The proper time of first observer is
ds2 =
r − rg
r
c24
r
r − rg
c−2r2dφ2
Therefore spatial distance is
L = rdφ
When object moving with angular speed ω gets to B change of t is dφ
ω
. The proper
time at this point is
ds2 =
r − rg
r
c2dφ2ω−2
T =
√
r − rg
r
ω−1dφ
Therefore the observer A measures speed
V =
L
T
=
√
r
r − rg
rω
We can use speed V as parameter of Lorentz transformation. Then length (10.2)
of vector (10.1) is
L =
√
r − rg
r
(
c2 −
r
r − rg
r2ω2
)
=
√
r − rg
r
c
√(
1−
V 2
c2
)
Therefore time ort of moving observer is
e′(0) =
(
1
L
, 0,
ω
L
, 0
)
e′(0) =

√ r
r − rg
c−1
1√(
1− V
2
c2
) , 0, ω
√
r
r − rg
c−1
1√(
1− V
2
c2
) , 0


Spatial ort e′(2) = (A, 0, B, 0) is orthogonal e
′
(0) and has length −1. Therefore
(10.3)
r − rg
r
c2
1
L
A− r2
ω
L
B = 0
(10.4)
r − rg
r
c2A2 − r2B2 = −1
We can express A from (10.3)
A = c−2
r
r − rg
r2ωB
and substitute into (10.4)
c−2
r
r − rg
r4ω2B2 − r2B2 = −1
V 2
c2
r2B2 − r2B2 = −1
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Finally spatial ort in direction of movement is
e′(2) =

c−2 r
r − rg
rω
1√
1− V
2
c2
, 0,
1
r
1√
1− V
2
c2
, 0


e′(2) =

c−2√ r
r − rg
V√
1− V
2
c2
, 0,
1
r
1√
1− V
2
c2
, 0


Therefore we get transformation
e′(0) =
1√
1− V
2
c2
e(0) +
V
c
1√
1− V
2
c2
e(2)
e′(2) =
V
c
1√
1− V
2
c2
e(0) +
1√
1− V
2
c2
e(2)
(10.5)
If a stationary observer sends light in a radial direction, the orbiting observer ob-
serves Doppler shift
ω′ =
ω√
1− V
2
c2
We need to add Doppler shift for gravitational field if the moving observer receives
a radial wave that came from infinity. In this case the Doppler shift will take the
form
ω′ =
√
r
r − rg
ω√
1− V
2
c2
We see the estimation for dynamics of star S2 that orbits Sgr A in tables 10.1
and 10.2. The tables are based on two different estimations for mass of Sgr A.
If we get mass Sgr 4.1106M⊙ [1] then in pericentre (distance 1.8681015 cm) S2
has speed 738767495.4 cm/s and Doppler shift is ω′/ω = 1.000628. In this case
we measure length 2.16474µm for emitted wave with length 2.1661µm (Br γ). In
apocentre (distance 2.7691016cm) S2 has speed 49839993.28cm/s and Doppler shift
is ω′/ω = 1.0000232. We measure length 2.166049µm for the same wave. Difference
between two measurements of wave length is 13.098A˚
If we get mass Sgr 3.7106M⊙ [2] then in pericentre (distance 1.8051015cm) S2
has speed 713915922.3cm/s and Doppler shift is ω′/ω = 1.000587. In this case we
measure length 2.16483µm for emitted wave with length 2.1661µm (Br γ). In apoc-
entre (distance 2.6761016cm) S2 has speed 48163414.05cm/s and Doppler shift is
ω′/ω = 1.00002171. We measure length 2.1666052µm for the same wave. Difference
between two measurements of wave length is 12.232A˚
Difference between two measurements of wavelength in pericentre is 0.9A˚. An-
alyzing this data we can conclude that the use of Doppler shift can help improve
estimation of the mass of Sgr A.
11. Lorentz Transformation in Radial Direction
We see that the Lorentz transformation in orbial direction has familiar form. It
is very interesting to see what form this transformation has for radial direction. We
start from procedure of measurement speed and use coordinate speed v
(11.1) dr = vdt
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Table 10.1. Doppler shift on the Earth of a wave emitted from
S2; mass of Sgr A is 4.1106M⊙ [1]
pericentre apocentre
distance cm 1.8681015 2.7691016
speed cm/s 738767495.4 49839993.28
ω′/ω 1.000628 1.0000232
emitted wave (Br γ) µm 2.1661 2.1661
observed wave µm 2.16474 2.166049
Difference between two measurements of wavelength is 13.098A˚
Table 10.2. Doppler shift on the Earth of wave emitted from S2;
mass of Sgr A is 3.7106M⊙ [2]
pericentre apocentre
distance cm 1.8051015 2.6761016
speed cm/s 713915922.3 48163414.05
ω′/ω 1.000587 1.00002171
emitted wave (Br γ) µm 2.1661 2.1661
observed wave µm 2.16483 2.1666052
Difference between two measurements of wavelength is 12.232A˚
The time of travel of light in both directions is the same. Trajectory of light is
determined by equation ds2 = 0.
r − rg
r
c2dt2 −
r
r − rg
dr2 = 0
When light returns back to observer A the change of t is
dt = 2
r
r − rg
c−1dr
The proper time of observer A is
ds2 =
r − rg
r
c24
r2
r − rg2
c−2dr2 =
= 4
r
r − rg
dr2
Therefore spatial distance is
L =
√
r
r − rg
dr
When object moving with speed (11.1) gets to B change of t is dr
v
. The proper
time of observer A at this point is
ds2 =
r − rg
r
c2dr2v−2
T =
√
r − rg
r
v−1dr
18
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Therefore the observer A measures speed
V =
L
T
==
√
r
r−rg
dr√
r−rg
r
v−1dr
=
=
r
r − rg
v
Now we are ready to find out Lorentz transformation. The basis vectors for
stationary observer are
e(0) =
(
1
c
√
r
r − rg
, 0, 0, 0
)
e(1) =
(
0,
√
r − rg
r
, 0, 0
)
Unit vector of speed should be proportional to vector
(11.2) (1, v, 0, 0)
The length of this vector is
L2 =
r − rg
r
c2 −
r
r − rg
v2 =
=
r − rg
r
c2
(
1−
V 2
c2
)(11.3)
Therefore time ort of moving observer is
e′(0) =
(
1
L
,
v
L
, 0, 0
)
=
=

√ r
r − rg
c−1
1√(
1− V
2
c2
) , v
√
r
r − rg
c−1
1√(
1− V
2
c2
) , 0, 0


=

√ r
r − rg
c−1
1√(
1− V
2
c2
) , Vc
√
r − rg
r
1√(
1− V
2
c2
) , 0, 0


Spatial ort e′(1) = (A,B, 0, 0) is orthogonal e
′
(0) and has length −1. Therefore
(11.4)
r − rg
r
c2
1
L
A−
r
r − rg
v
L
B = 0
(11.5)
r − rg
r
c2A2 −
r
r − rg
B2 = −1
We can express A from (11.4)
A = c−2
r2
(r − rg)2
vB = c−2
r
r − rg
V B
and substitute into (11.5)
r − rg
r
c2c−4
r2
(r − rg)2
V 2B2 −
r
r − rg
B2 = −1
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r
r − rg
B2
(
1−
V 2
c2
)
= 1
B2 =
r − rg
r
1
1− V
2
c2
B =
√
r − rg
r
1√
1− V
2
c2
A = c−2
r
r − rg
V
√
r − rg
r
1√
1− V
2
c2
= c−2V
√
r
r − rg
1√
1− V
2
c2
Finally spatial ort in direction of movement is
e′(1) =

c−2V√ r
r − rg
1√
1− V
2
c2
,
√
r − rg
r
1√
1− V
2
c2
, 0, 0


Therefore we get transformationin in familiar form
e′(0) =
1√
1− V
2
c2
e(0) +
V
c
1√
1− V
2
c2
e(1)
e′(1) =
V
c
1√
1− V
2
c2
e(0) +
1√
1− V
2
c2
e(1)
(11.6)
12. Doppler Shift in Friedman Space
We consider another example in Friedman space. Metric of the space is
ds2 = a2(dt2 − dχ2 − sin2 χ(dθ2 − sin2 θdφ2))
for closed model and
ds2 = a2(dt2 − dχ2 − sinh2 χ(dθ2 − sin2 θdφ2))
for open one. Connection in this space is (α, β get values 1, 2, 3)
Γ000 =
a˙
a
Γ0αα = −
a˙
a2
gαα
Γα0β =
a˙
a
δαβ
Because space is homogenius we do not care about direction of light. In this case
dk0 = −Γ0ijk
ikj
Because k is isotropic vector tangent to its trajectory we have
dxα =
kα
k0
dt
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Because k0 = ω
a
, than
d
ω
a
= −
da
a2
ω +
da
ωa
gααk
αkα = −2
da
a2
ω
adω + ωda = 0
aω = const
Therefore when a grows ω becomes smaller and length of waves grows as well.
a grows during light travel through spacetime and this leads to red shift. We
observe red shift because geometry changes, but not because galaxies runs away
one from other.
Now we want to see how red shift changes with time if initial and final points do
not move. For simplicity I will change only χ. Initial value is χ1 and final value is
χ2. Because dt = dχ on light trajectory we have
χ = χ1 + t− t1 t2 = χ2 − χ1 + t1
Therefore a(t1)ω1 = a(t2)ω2. Doppler shift is
K(t1) =
ω2
ω1
=
a(t1)
a(t2)
If initial time changes t’1 = t1 + dt then K(t1 + dt) = a(t1 + dt) / a(t2 + dt)
Time derivative of K is
K˙ =
a˙1a2 − a1a˙2
a22
For closed space a = cosh t. Then a˙ = sinh t.
K˙ =
sinh t1 cosh t2 − sinh t2 cosh t1
cosh2 t2
=
sinh(t1 − t2)
cosh2 t2
K decreases when t1 increases.
13. Lorentz Transformation in Friedman Space
To learn Lorentz transformation in Friedman space I want to use metric in form
ds2 = c2dt2 − a2(dχ2 + b2(dθ2 − sin2 θdφ2))
Now I have 2 observers. One does not move and has speed (1, 0, 0, 0), and another
moves along χ and his speed is C = (1, v, 0, 0) and we assme V = av.
Metric is diagonal and coordinates θ, φ do not change. We have transformation
in plane t, χ.
Unit speed of first observer is
e0 = (
1
c
, 0, 0, 0)
and vector orthonormal this one is
e1 = (0,
1
a
, 0, 0)
The length of vector C is
L =
√
c2 − a2v2 = c
√
1−
V 2
c2
Therefore unit vector of speed of second observer is
e′0 = (
1
L
,
v
L
, 0, 0)
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We look for vector
e′1 = (A,B, 0, 0)
that is orthogonal to vector e′0. For this we have
(13.1) c2A2 − a2B2 = −1
(13.2) c2A
1
L
− a2B
v
L
= 0
We get from the equation (13.2)
(13.3) A =
a2
c2
vB
We substitute (13.3) into (13.1) and get
B2(
a4
c2
v2 − a2) = −1
B =
1
a
√
1− V
2
c2
Therefore basis of second observer is
e′0 = (
1
c
√
1− V
2
c2
,
V
ca
√
1− V
2
c2
, 0, 0)
e′1 = (
V
c2
√
1− V
2
c2
,
1
a
√
1− V
2
c2
, 0, 0)
Now we can express e′ through e
e′0 =
1√
1− V
2
c2
e0 +
V
c
1√
1− V
2
c2
e1
e′1 =
V
c
1√
1− V
2
c2
e0 +
1√
1− V
2
c2
e1
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anholonomic coordinate 6
anholonomic coordinates of connection 4
anholonomic coordinates of vector 4
anholonomic coordinates on manifold 6
anholonomity object 6
coordinate reference frame 3
G-reference frame 2
holonomic coordinates of connection 4
holonomic coordinates of vector 4
local reference frame 4
Lorentz transformation 4
metric-affine manifold 9
nonmetricity 8
parallelogram 9
pfaffian derivative 3
reference frame in event space 3
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16. Special Symbols and Notations
a(i) anholonomic coordinates of vector 4
ai holonomic coordinates of vector 4
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Ñèñòåìà îòñ÷åòà â îáùåé òåîðèè îòíîñèòåëüíîñòè
Àëåêñàíäð Êëåéí
Àííîòàöèÿ. Ñèñòåìà îòñ÷¼òà â ïðîñòðàíñòâå ñîáûòèé - ýòî íåïðåðûâíîå
ïîëå îðòîíîðìàëüíûõ áàçèñîâ. Êàæäàÿ ñèñòåìà îòñ÷¼òà ñíàáæåíà íåãîëî-
íîìíûìè êîîðäèíàòàìè. Èñïîëüçîâàíèå íåãîëîíîìíûõ êîîðäèíàò ïîçâî-
ëÿåò íàéòè îòíîñèòåëüíóþ ñêîðîñòü äâóõ íàáëþäàòåëåé è ñîîòâåòñòâóþ-
ùåå ïðåîáðàçîâàíèå Ëîðåíöà.
Ñèíõðîíèçàöèÿ ñèñòåìû îòñ÷¼òà - ýòî íåãîëîíîìíàÿ êîîðäèíàòà âðåìå-
íè. Ïðîñòûå ðàññ÷¼òû ïîêàçûâàþò, êàê ñèíõðîíèçàöèÿ âëèÿåò íà èçìåðå-
íèå âðåìåíè â îêðåñòíîñòè Çåìëè.
Èçìåðåíèå ýåêòà Äîïïëåðà îò çâåçäû, âðàùàþùåéñÿ âîêðóã ÷¼ðíîé
äûðû ïîìîãàåò îïðåäåëèòü ìàññó ÷¼ðíîé äûðû. Ñîãëàñíî íàáëþäåíèÿì
Sgr A, åñëè íåïîäâèæíûé íàáëþäàòåëü îöåíèâàåò âîçðàñò S2 ïîðÿäêà 10
Myr, òî ýòà çâåçäà ìîëîæå íà 0.297 Myr.
1. åîìåòðè÷åñêèé îáúåêò è ïðèíöèï èíâàðèàíòíîñòè
Ïðèíöèï èíâàðèàíòíîñòè, ðàññìîòðåííûé â [14℄, îãðàíè÷åí âåêòîðíûìè ïðî-
ñòðàíñòâàìè è ïðèìåíèì òîëüêî â ðàìêàõ ñïåöèàëüíîé òåîðèè îòíîñèòåëüíî-
ñòè. Íàøà çàäà÷à îïèñàòü êîíñòðóêöèè, êîòîðûå ïîçâîëÿþò ðàñïðîñòðàíèòü
ïðèíöèï èíâàðèàíòíîñòè íà îáùóþ òåîðèþ îòíîñèòåëüíîñòè.
Èçìåðåíèå ïðîñòðàíñòâåííîãî èíòåðâàëà è âðåìåííûõ îòðåçêîâ ÿâëÿåòñÿ îä-
íîé èç âàæíûõ çàäà÷ îáùåé òåîðèè îòíîñèòåëüíîñòè. Ýòî èçè÷åñêèé ïðîöåññ,
êîòîðûé ïîçâîëÿåò èçó÷àòü ãåîìåòðèþ â îïðåäåë¼ííîé îáëàñòè ïðîñòðàíñòâà
âðåìåíè. Ñ òî÷êè çðåíèÿ ãåîìåòðèè, íàáëþäàòåëü ïîëüçóåòñÿ îðòîãîíàëüíûì
áàçèñîì â êàñàòåëüíîé ïëîñêîñòè êàê ñâîèì èçìåðèòåëüíûì èíñòðóìåíòîì, òàê
êàê îðòîãîíàëüíûé áàçèñ ïðèâîäèò ê ïðîñòåéøåé ëîêàëüíîé ãåîìåòðèè. Äâè-
ãàÿñü îò òî÷êè ê òî÷êå, íàáëþäàòåëü ïåðåíîñèò ñ ñîáîé ñâîé èçìåðèòåëüíûé
ïðèáîð.
Ïîíÿòèå ãåîìåòðè÷åñêîãî îáúåêòà òåñíî ñâÿçàíî ñ èçè÷åñêèìè âåëè÷èíà-
ìè, èçìåðÿåìûìè â ïðîñòðàíñòâå âðåìåíè. Ïðèíöèï èíâàðèàíòíîñòè ïîçâîëÿåò
âûðàçèòü èçè÷åñêèå çàêîíû íåçàâèñèìî îò âûáîðà áàçèñà. Ñ äðóãîé ñòîðîíû,
åñëè ìû õîòèì ïðîâåðèòü ïîëó÷åííîå ñîîòíîøåíèå â îïûòå, ìû äîëæíû çàèê-
ñèðîâàòü èçìåðèòåëüíûé ïðèáîð. Â íàøåì ñëó÷àå - ýòî áàçèñ. Âûáðàâ áàçèñ,
ìû ìîæåì îïðåäåëèòü êîîðäèíàòû ãåîìåòðè÷åñêîãî îáúåêòà, ñîîòâåòñòâóþùå-
ãî èçó÷àåìîé èçè÷åñêîé âåëè÷èíå. Ñëåäîâàòåëüíî ìû ìîæåì îïðåäåëèòü èç-
ìåðÿåìîå çíà÷åíèå.
Êàæäàÿ ñèñòåìà îòñ÷¼òà ñíàáæåíà íåãîëîíîìíûìè êîîðäèíàòàìè. Íàïðè-
ìåð, ñèíõðîíèçàöèÿ ñèñòåìû îòñ÷¼òà - ýòî íåãîëîíîìíàÿ êîîðäèíàòà âðåìåíè.
Ïðîñòûå ðàñ÷¼òû ïîêàçûâàþò êàê ñèíõðîíèçàöèÿ âëèÿåò íà èçìåðåíèå âðåìåíè
â îêðåñòíîñòè Çåìëè. Èçìåðåíèå ýåêòà Äîïïëåðà îò çâåçäû, âðàùàþùåéñÿ
âîêðóã ÷¼ðíîé äûðû, ïîìîãàåò îïðåäåëèòü ìàññó ÷¼ðíîé äûðû.
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àçäåëû 10 è 11 ïîêàçûâàþò âàæíîñòü ðàñ÷¼òîâ â îðòîãîíàëüíîì áàçèñå.
Êîîðäèíàòû, êîòîðûìè ìû ïîëüçóåìñÿ â ïðîñòðàíñòâå ñîáûòèé, - ýòî ïðîñòî
ìåòêè è ðàñ÷¼òû, êîòîðûå ìû âûïîëíÿåì â êîîðäèíàòàõ ìîãóò îêàçàòüñÿ íå
íàä¼æíûìè. Íàïðèìåð, â ñòàòüÿõ [6, 7℄ àâòîðû îïðåäåëÿþò êîîðäèíàòíóþ ñêî-
ðîñòü ñâåòà. Ýòî âåä¼ò ê íåâåðíîìó îòâåòó è â ðåçóëüòàòå ýòîãî ê ðàçëè÷èþ
ñêîðîñòè ñâåòà â ðàçíûõ íàïðàâëåíèÿõ.
Íåêîòîðûå àâòîðû èñïîëüçóþò èäåþ Ýéíøòåéíà î ïåðåìåííîé ñêîðîñòè ñâå-
òà [13℄. Òåì íå ìåíåå, Ýéíøòåéí ïðåäïîëîæèë ýòó èäåþ, êîãäà ñîáèðàëñÿ ñî-
çäàòü òåîðèþ òÿãîòåíèÿ â ïðîñòðàíñòâå Ìèíêîâñêîãî, è ñëåäîâàòåëüíî, îí ïðåä-
ïîëàãàë, ÷òî ìàñøòàá ïðîñòðàíñòâà è âðåìåíè íå ìåíÿþòñÿ. Êîãäà Ýéíøòåéí
ïîçíàêîìèëñÿ ñ ðèìàíîâîé ãåîìåòðèåé, îí èçìåíèë ñâî¼ ìíåíèå è íèêîãäà íå
âîçâðàùàëñÿ ê èäåå î ïåðåìåííîé ñêîðîñòè ñâåòà. Ìàñøòàá ïðîñòðàíñòâà è
âðåìåíè è ñêîðîñòü ñâåòà ÿâëÿþòñÿ ñâÿçàííûìè â ñîâðåìåííîé òåîðèè è ìû íå
ìîæåì èçìåíèòü îäíó âåëè÷èíó áåç èçìåíåíèÿ äðóãîé.
Íåêîòîðûå ñòàòüè ïîñâÿùåíû òåîðèè ïåðåìåííîé ñêîðîñòè ñâåòà [8, 9℄. Èõ
òåîðèÿ îñíîâàíà íà èäåå, ÷òî ìåòðè÷åñêèé òåíçîð ìîæåò áûòü èíâàðèàíòåí îò-
íîñèòåëüíî ïðåîáðàçîâàíèÿ ïîäîáèÿ. Ýòà èäåÿ íå íîâà. Êàê òîëüêî Ýéíøòåéí
îïóáëèêîâàë îáùóþ òåîðèè îòíîñèòåëüíîñòè, Âåéëü ïðåäëîæèë ñâîþ èäåþ ñäå-
ëàòü òåîðèþ èíâàðèàíòíîé îòíîñèòåëüíî êîíîðìíîãî ïðåîáðàçîâàíèÿ. Òåì íå
ìåíåå, Ýéíøòåéí âîçðàæàë ýòîé èäåå, òàê êàê îíà ðàçðóøàëà çàâèñèìîñòü ìåæ-
äó ðàññòîÿíèåì è ñîáñòâåííûì âðåìåíåì. Ìû ìîæåì íàéòè äåòàëüíûé àíàëèç
â [10℄.
Ìû èìååì òåñíóþ ñâÿçü ìåæäó ñêîðîñòüþ ñâåòà è åäèíèöàìè äëèíû è âðåìå-
íè â ñïåöèàëüíîé è îáùåé òåîðèè îòíîñèòåëüíîñòè. Êîãäà ìû ðàçâèâàåì íîâóþ
òåîðèþ è îáíàðóæèâàåì, ÷òî ñêîðîñòü ñâåòà ìåíÿåòñÿ, ìû äîëæíû ñïðîñèòü
ñåáÿ î ïðè÷èíå. Ñäåëàëè ëè ìû àêêóðàòíîå èçìåðåíèå? Èìååì ëè ìû àëüòåð-
íàòèâíûé ïóòü äëÿ îáìåíà èíîðìàöèåé è ñèíõðîíèçàöèè ñèñòåìû îòñ÷¼òà?
Ìåíÿþòñÿ ëè ïðåîáðàçîâàíèÿ ìåæäó ñèñòåìàìè îòñ÷¼òà è îáðàçóþò ëè îíè
ãðóïïó?
Â íåêîòîðûõ ìîäåëÿõ îòîí ìîæåò èìåòü íåáîëüøóþ ìàññó ïîêîÿ [11℄. Â
ýòîì ñëó÷àå ñêîðîñòü ñâåòà îòëè÷íà îò ìàêñèìàëüíîé ñêîðîñòè è ìîæåò çà-
âèñåòü îò íàïðàâëåíèÿ. Íåäàâíèé ýêñïåðèìåíò [12℄ íàëîæèë îãðàíè÷åíèÿ íà
ïàðàìåòðû ýòèõ ìîäåëåé.
2. Ñèñòåìà îòñ÷¼òà íà ìíîãîîáðàçèè
Ìû ïîêàçàëè â ðàçäåëå [14℄-5, ÷òî ìíîãîîáðàçèå áàçèñîâ âåêòîðíîãî ïðî-
ñòðàíñòâà ìîæíî îòîæäåñòâèòü ñ ãðóïïîé ñèììåòðèé ýòîãî ïðîñòðàíñòâà. Íàñ
íå èíòåðåñîâàëè äåòàëè ñòðîåíèÿ ðåïåðà, è èçëîæåííàÿ òåîðèÿ ìîæåò áûòü
îáîáùåíà è ïåðåíåñåíà íà ïðîèçâîëüíîå ìíîãîîáðàçèå. Â ýòîì ðàçäåëå ìû îáîá-
ùàåì îïðåäåëåíèå áàçèñà è îïðåäåëÿåì ñèñòåìó îòñ÷¼òà íà ìíîãîîáðàçèè. Â
ñëó÷àå ïðîñòðàíñòâà ñîáûòèé îáùåé òåîðèè îòíîñèòåëüíîñòè ýòî âåä¼ò íàñ ê
åñòåñòâåííîìó îïðåäåëåíèþ ñèñòåìû îòñ÷¼òà è ïðåîáðàçîâàíèÿ Ëîðåíöà.
Êîãäà ìû èçó÷àåì ìíîãîîáðàçèå V , ãåîìåòðèÿ êàñàòåëüíîãî ïðîñòðàíñòâà
ÿâëÿåòñÿ îäíèì èç âàæíûõ àêòîðîâ. Â ýòîì ðàçäåëå ìû ïðåäïîëàãàåì
• âñå êàñàòåëüíûå ïðîñòðàíñòâà èìååò îäíó è òó æå ãåîìåòðèþ;
• êàñàòåëüíîå ïðîñòðàíñòâî ÿâëÿåòñÿ âåêòîðíûì ïðîñòðàíñòâîì V êîíå÷-
íîé ðàçìåðíîñòè n;
• ãðóïïîé ñèììåòðèè êàñàòåëüíîãî ïðîñòðàíñòâà ÿâëÿåòñÿ ãðóïïà Ëè G.
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Îïðåäåëåíèå 2.1. Mû áóäåì íàçûâàòü ìíîæåñòâî e =< e(i), i ∈ I > âåêòîð-
íûõ ïîëåé e(i) G-ñèñòåìîé îòñ÷¼òà íà ìíîãîîáðàçèè V , åñëè äëÿ ëþáîãî
x ∈ V ìíîæåñòâî e(x) =< e(i)(x), i ∈ I > ÿâëÿåòñÿ G-áàçèñîì
1
â êàñàòåëüíîì
ïðîñòðàíñòâå Tx.
2
Ìû áóäåì ïîëüçîâàòüñÿ îáîçíà÷åíèåì e(i) ∈ e, äëÿ âåêòîð-
íûõ ïîëåé, ïîðîæäàþùèõ G-ñèñòåìó îòñ÷¼òà e. 
Âåêòîðíîå ïîëå a èìååò ðàçëîæåíèå
(2.1) a = a(i)e(i)
îòíîñèòåëüíî ñèñòåìû îòñ÷¼òà e.
Åñëè ìû íå îãðàíè÷èì îïðåäåëåíèå ñèñòåìû îòñ÷¼òà ãðóïïîé ñèììåòðèè,
ìû ìîæåì âûáðàòü ñèñòåìó îòñ÷¼òà ∂ =< ∂i > â êàæäîé òî÷êå ìíîãîîáðàçèÿ,
îïðåäåë¼ííóþ âåêòîðíûìè ïîëÿìè, êàñàòåëüíûìè ê ëèíèÿì xi = const. Ýòî ïî-
ëå áàçèñîâ ìû áóäåì íàçûâàòü êîîðäèíàòíîé ñèñòåìîé îòñ÷¼òà. Âåêòîðíîå
ïîëå a èìååò ðàçëîæåíèå
(2.2) a = ai∂i
îòíîñèòåëüíî êîîðäèíàòíîé ñèñòåìû îòñ÷¼òà. Òîãäà ñòàíäàðòíûå êîîðäèíàòû
ñèñòåìû îòñ÷¼òà e èìåþò âèä ek(i)
(2.3) e(i) = e
k
(i)∂k
Òàê êàê âåêòîðû e(i) ëèíåéíî íåçàâèñèìû â êàæäîé òî÷êå, ìàòðèöà ‖e
k
(i)‖ èìååò
îáðàòíóþ ìàòðèöó ‖e
(i)
k ‖
(2.4) ∂k = e
(i)
k e(i)
Ìû òàêæå ïîëüçóåìñÿ áîëåå øèðîêèì îïðåäåëåíèåì äëÿ ñèñòåìû îòñ÷¼òà íà
ìíîãîîáðàçèè, ïðåäñòàâëåííîå â âèäå e = (e(k), e
(k)), ãäå ìû çàäà¼ì ìíîæåñòâî
âåêòîðíîå ïîëåé e(k) è äâîéñòâåííûõ èì îðì e
(k)
òàêèõ, ÷òî
(2.5) e(k)(e(l)) = δ
(k)
(l)
â êàæäîé òî÷êå. Ôîðìû e(k) îïðåäåëåíû îäíîçíà÷íî èç (2.5).
Ïîäîáíûì îáðàçîì ìû ìîæåì îïðåäåëèòü êîîðäèíàòíóþ ñèñòåìó îòñ÷¼òà
(∂i, ds
i). Ýòè ñèñòåìû îòñ÷¼òà ñâÿçàíû îòíîøåíèåì
e(k) = e
i
(k)∂i(2.6)
e(k) = e
(k)
i dx
i
(2.7)
Èç ðàâåíñòâ (2.6), (2.7), (2.5) ñëåäóåò
(2.8) e
(k)
i e
i
(l) = δ
(k)
(l)
Â ÷àñòíîñòè, ìû ïðåäïîëîæèì, ÷òî ìû èìååì GL(n)-ñèñòåìó îòñ÷¼òà (∂, dx),
ïîðîæä¼ííûé n äèåðåíöèðóåìûìè âåêòîðíûìè ïîëÿìè ∂i è 1-îðìàìè dx
i
,
êîòîðûå îïðåäåëÿþò ïîëÿ áàçèñîâ ∂ è êîáàçèñîâ dx, äóàëüíûõ èì.
Åñëè çàäàíà óíêöèÿ ϕ on V , òî ìû îïðåäåëÿåì ïàîâó ïðîèçâîäíóþ
dϕ = ∂iϕdx
i
1
Ñîãëàñíî ðàçäåëó [14℄-5 ìû ìîæåì îòîæäåñòâèòü áàçèñ e(x) ñ ýëåìåíòîì ãðóïïû G.
2
Ñóùåñòâîâàíèå íà ìíîãîîáðàçèè G-ñèñòåìû îòñ÷¼òà òðåáóåò äîêàçàòåëüñòâà â êàæäîì
ñëó÷àå.
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3. Ñèñòåìà îòñ÷¼òà â ïðîñòðàíñòâå ñîáûòèé
Íà÷èíàÿ ñ ýòîãî ðàçäåëà, ìû áóäåì ðàññìàòðèâàòü îðòîãîíàëüíóþ ñèñòå-
ìó îòñ÷¼òà e = (e(k), e
(k)) â ðèìàíîâîì ïðîñòðàíñòâå ñ ìåòðè÷åñêèì òåíçîðîì
gij . Ñîãëàñíî îïðåäåëåíèþ, â êàæäîé òî÷êå ðèìàíîâà ïðîñòðàíñòâà âåêòîðíûå
ïîëÿ îðòîãîíàëüíîé ñèñòåìû îòñ÷¼òà óäîâëåòâîðÿþò ñîîòíîøåíèþ
gije
i
(k)e
j
(l) = g(k)(l)
ãäå g(k)(l) = 0, åñëè (k) 6= (l), è g(k)(k) = 1 èëè g(k)(k) = −1 â çàâèñèìîñòè îò
ñèãíàòóðû ìåòðèêè.
Ìû ìîæåì îïðåäåëèòü ñèñòåìó îòñ÷¼òà â ïðîñòðàíñòâå ñîáûòèé V êàê
O(3, 1)-ñèñòåìó îòñ÷¼òà. Äëÿ íóìåðàöèè âåêòîðîâ ìû ïîëüçóåìñÿ èíäåêñîì k =
0, ..., 3. Èíäåêñ k = 0 ñîîòâåòñòâóåò âðåìåíè ïîäîáíîìó âåêòîðíîìó ïîëþ.
Çàìå÷àíèå 3.1. Ìûìîæåì äîêàçàòü ñóùåñòâîâàíèå ñèñòåìû îòñ÷¼òà, ïîëüçóÿñü
ïðîöåäóðîé îðòîãîíîëèçàöèè â êàæäîé òî÷êå ïðîñòðàíñòâà âðåìåíè. Èç òîé æå
ïðîöåäóðû ìû âèäèì, ÷òî êîîðäèíàòû áàçèñà íåïðåðûâíî çàâèñÿò îò òî÷êè.
Íåïðåðûâíîå ïîëå âðåìåíèïîäîáíûõ âåêòîðîâ êàæäîãî áàçèñà îïðåäåëÿåò
êîíãðóýíöèþ ëèíèé, êàñàòåëüíûõ ýòîìó ïîëþ. Ìû áóäåì ãîâîðèòü, ÷òî êàæ-
äàÿ èç ýòèõ ëèíèé ÿâëÿåòñÿ ìèðîâîé ëèíèåé íàáëþäàòåëÿ èëè ëîêàëüíîé ñè-
ñòåìîé îòñ÷¼òà. Ñëåäîâàòåëüíî, ñèñòåìà îòñ÷¼òà - ýòî ìíîæåñòâî ëîêàëüíûõ
ñèñòåì îòñ÷¼òà. 
Ìû îïðåäåëÿåì ïðåîáðàçîâàíèå Ëîðåíöà êàê ïðåîáðàçîâàíèå ñèñòåìû
îòñ÷¼òà
x′
i
= f i(x0, x1, x2, x3)
(3.1) e′
i
(k) = a
i
jb
(l)
(k)e
j
(l)
ãäå
aij =
∂x′i
∂x′j
δ(i)(l)b
(i)
(j)b
(l)
(k) = δ(j)(k)
Ìû áóäåì íàçûâàòü ïðåîáðàçîâàíèå aij ãîëîíîìíîé ÷àñòüþ è ïðåîáðàçîâàíèå
b
(l)
(k) íåãîëîíîìíîé ÷àñòüþ.
4. Íåãîëîíîìíûå êîîðäèíàòû
Ïóñòü E(V,G, pi) - ãëàâíîå ðàññëîåíèå, ãäå V - äèåðåíöèðóåìîå ìíîãîîá-
ðàçèå ðàçìåðíîñòè n è êëàññà íå ìåíüøå, ÷åì 2. Ìû òàêæå ïîëîæèì, ÷òî G -
ãðóïïà ñèììåòðèè êàñàòåëüíîé ïëîñêîñòè.
Ìû îïðåäåëèì îðìó ñâÿçíîñòè íà ãëàâíîì ðàññëîåíèè
(4.1) ωL = λLNda
N + ΓLi dx
i ω = λNda
N + Γdx
Ìû íàçûâàåì óíêöèè Γi êîìïîíåíòàìè ñâÿçíîñòè.
Åñëè ñëîé ÿâëÿåòñÿ ãðóïïîé GL(n), òî ñâÿçíîñòü èìååò âèä
(4.2) ωab = Γ
a
bcdx
c
ΓAi = Γ
a
bi
Âåêòîðíîå ïîëå a èìååò äâà âèäà êîîðäèíàò: ãîëîíîìíûå êîîðäèíàòû ai
îòíîñèòåëüíî êîîðäèíàòíîé ñèñòåìû îòñ÷¼òà è íåãîëîíîìíûå êîîðäèíàòû
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a(i) îòíîñèòåëüíî ñèñòåìû îòñ÷¼òà. Ýòè äâà âèäà êîîðäèíàò òàê æå ñëåäóþò
îòíîøåíèþ
(4.3) ai(x) = ei(i)(x)a
(i)(x)
â ëþáîé òî÷êå x.
Ìû ìîæåì èçó÷àòü ïàðàëëåëüíûé ïåðåíîñ âåêòîðíûõ ïîëåé, ïîëüçóÿñü ëþ-
áîé îðìîé êîîðäèíàò. Òàê êàê (3.1) - ëèíåéíîå ïðåîáðàçîâàíèå, ìû îæèäàåì,
÷òî ïàðàëëåëüíûé ïåðåíîñ â íåãîëîíîìíûõ êîîðäèíàòàõ èìååò òàêîå æå ïðåä-
ñòàâëåíèå, êàê â ãîëîíîìíûõ êîîðäèíàòàõ. Òàêèì îáðàçîì ìû çàïèøåì
dak = −Γkija
idxj
da(k) = −Γ
(k)
(i)(j)a
(i)dx(j)
Íåîáõîäèìî óñòàíîâèòü ñâÿçü ìåæäó ãîëîíîìíûìè êîîðäèíàòàìè ñâÿçíî-
ñòè Γkij è íåãîëîíîìíûìè êîîðäèíàòàìè ñâÿçíîñòè Γ
(k)
(i)(j)
(4.4) ai(x+ dx) = ai(x) + dai = ai(x) − Γikpa
k(x)dxp
(4.5) a(i)(x+ dx) = a(i)(x) + da(i) = a(i)(x) − Γ
(i)
(k)(p)a
(k)(x)dx(p)
Ïðåäïîëàãàÿ (4.4), (4.5) è (4.3), ìû ïîëó÷èì
(4.6)
ai(x)− Γikpa
k(x)dxp
= ei(i)(x+ dx)
(
a(i)(x)− Γ
(i)
(k)(p)e
(k)
i (x)a
i(x)e
(p)
p (x)dxp
)
Èç (4.6) ñëåäóåò, ÷òî
Γ
(i)
(k)(p)e
(k)
i (x)e
(p)
p (x)a
i(x)dxp = a(i)(x) − e
(i)
i (x+ dx)
(
ai(x)− Γikpa
k(x)dxp
)
= ai(x)e
(i)
i (x)− e
(i)
i (x+ dx)
(
ai(x)− Γikpa
k(x)dxp
)
= ai(x)
(
e
(i)
i (x) − e
(i)
i (x+ dx)
)
+ e
(i)
j (x)Γ
j
ipa
i(x)dxp
= e
(i)
j (x)Γ
j
ipa
i(x)dxp − ai(x)
∂e
(i)
i (x)
∂xp
dxp
=
(
e
(i)
j (x)Γ
j
ip −
∂e
(i)
i (x)
∂xp
)
ai(x)dxp
Òàê êàê ai(x) è dxp ïðîèçâîëüíû, ìû èìååì
Γ
(i)
(k)(p)e
(k)
i (x)e
(p)
p (x) = e
(i)
j (x)Γ
j
ip −
∂e
(i)
i (x)
∂xp
(4.7) Γ
(i)
(k)(p) = e
i
(k)e
p
(p)e
(i)
j Γ
j
ip − e
i
(k)e
p
(p)
∂e
(i)
i
∂xp
Ìû îïðåäåëèì ñèìâîëè÷åñêèé îïåðàòîð
(4.8)
∂
∂x(p)
= ep(p)
∂
∂xp
Èç (2.8) ñëåäóåò
(4.9) ei(l)
∂e
(k)
i
∂xp
+ e
(k)
i
∂ei(l)
∂xp
= 0
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Ïîäñòàâèì (4.8) è (4.9) â (4.7)
(4.10) Γ
(i)
(k)(p) = e
i
(k)e
p
(p)e
(i)
j Γ
j
ip − e
(i)
i
∂ei(k)
∂x(p)
àâåíñòâî (4.10) ïîêàçûâàåò íåêîòîðîå ñõîäñòâî ìåæäó ãîëîíîìíûìè è íåãî-
ëîíîìíûìè êîîðäèíàòàìè. Ìû îïðåäåëèì ñèìâîë ∂(k) äëÿ ïðîèçâîäíîé âäîëü
âåêòîðíûõ ïîëåé e(k)
∂(k) = e
i
(k)∂i
Òîãäà (4.10) ïðèíèìàåò îðìó
Γ
(k)
(l)(p) = e
i
(l)e
r
(p)e
(k)
j Γ
j
ir − e
i
(l)∂(p)e
(k)
i
Ñëåäîâàòåëüíî, êîãäà ìû ïåðåõîäèì îò ãîëîíîìíûõ êîîðäèíàò ê íåãîëîíîì-
íûì, ïðåîáðàçîâàíèå ñâÿçíîñòè ïîäîáíî ïðåîáðàçîâàíèþ ïðè ïåðåõîäå îò îä-
íîé êîîðäèíàòíîé ñèñòåìû ê äðóãîé. Ýòî ïðèâîäèò íàñ ê ìîäåëè íåãîëîíîìíûõ
êîîðäèíàò.
Âåêòîðíûå ïîëÿ e(k) ïîðîæäàþò êðèâûå, îïðåäåë¼ííûå äèåðåíöèàëüíû-
ìè óðàâíåíèÿìè
ej(l)
∂t
∂xj
= δ
(k)
(l)
èëè ñèìâîëè÷åñêîé ñèñòåìîé
(4.11)
∂t
∂x(l)
= δ
(k)
(l)
Èìåÿ â âèäó ñèìâîëè÷åñêóþ ñèñòåìó (4.11), ìû îáîçíà÷èì óíêöèîíàë t ïî-
ñðåäñòâîì x(k) è áóäåì íàçûâàòü åãî íåãîëîíîìíîé êîîðäèíàòîé. Ìû áóäåì
íàçûâàòü îáû÷íûå êîîðäèíàòû ãîëîíîìíûìè.
Îòñþäà ìû ìîæåì íàéòè ïðîèçâîäíóþ è ïîëó÷èòü
(4.12)
∂x(i)
∂xk
= e
(i)
k
Íåîáõîäèìîå è äîñòàòî÷íîå óñëîâèå ïîëíîé èíòåãðèðóåìîñòè ñèñòåìû (4.12) -
ýòî ðàâåíñòâî
c
(i)
(k)(l) = 0
ãäå ìû ââîäèì îáúåêò íåãîëîíîìíîñòè
(4.13) c
(i)
(k)(l) = e
k
(k)e
l
(l)
(
∂e
(i)
k
∂xl
−
∂e
(i)
l
∂xk
)
Ñëåäîâàòåëüíî, ëþáàÿ ñèñòåìà îòñ÷¼òà èìååò n âåêòîðíûõ ïîëåé
∂(k) =
∂
∂x(k)
= ei(k)∂i
êîòîðûå èìåþò êîììóòàòîð
[∂(i), ∂(j)] =
(
ek(i)∂ke
l
(j) − e
k
(j)∂ke
l
(i)
)
e
(m)
l ∂(m) =
ek(i)e
l
(i)
(
−∂ke
(m)
l + ∂le
(m)
l
)
∂(m) = c
(m)
(k)(l)∂(m)
Ïî òîé æå ïðè÷èíå ìû îïðåäåëÿåì îðìó
dx(k) = e(k) = e
(k)
l dx
l
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Ñèñòåìà îòñ÷åòà â îáùåé òåîðèè îòíîñèòåëüíîñòè
è âíåøíèé äèåðåíöèàë ýòîé îðìû èìååò âèä
d2x(k) = d
(
e
(k)
i dx
i
)
=
(
∂je
(k)
i − ∂ie
(k)
j
)
dxi ∧ dxj
= −c
(m)
(k)(l)dx
(k) ∧ dx(l)
(4.14)
Ñëåäîâàòåëüíî, êîãäà c
(i)
(k)(l) 6= 0, äèåðåíöèàë dx
(k)
íå ÿâëÿåòñÿ òî÷íûì
äèåðåíöèàëîì è ñèñòåìà (4.12) âîîáùå ãîâîðÿ íå ìîæåò áûòü èíòåãðèðóå-
ìîé. Òåì íå ìåíåå, ìû ìîæåì ïîñòðîèòü ðåàëüíûé îáúåêò, êîòîðûé ìîäåëèðóåò
ðåøåíèå. Ìû ìîæåì èçó÷àòü, êàê óíêöèÿ x(i) èçìåíÿåòñÿ âäîëü ðàçíûõ êðè-
âûõ. Ìû áóäåì íàçûâàòü òàêèå êîîðäèíàòû íåãîëîíîìíûìè êîîðäèíàòàìè
íà ìíîãîîáðàçèè.
Çàìå÷àíèå 4.1. Ôóíêöèÿ x(i) ÿâëÿåòñÿ íàòóðàëüíûì ïàðàìåòðîì âäîëü êðèâîé
ïîòîêà âåêòîðíûõ ïîëåé e(i). Ïðèìåð òàêîé óíêöèè ìû ðàññìîòðèì â ðàçäåëå
8. Cîáñòâåííîå âðåìÿ îïðåäåëåíî âäîëü ìèðîâîé ëèíèè ëîêàëüíîé ñèñòåìû îò-
ñ÷¼òà. Êàê ìû âèäåëè â çàìå÷àíèè 3.1 âñ¼ ïðîñòðàíñòâî ïðîíèçàíî ìèðîâûìè
ëèíèÿìè ëîêàëüíûõ ñèñòåì. ×òîáû ñîáñòâåííîå âðåìÿ ëîêàëüíûõ ñèñòåì ìîãëî
áûòü âðåìåíåì ñèñòåìû îòñ÷¼òà, ìû îæèäàåì, ÷òî ñîáñòâåííîå âðåìÿ íåïðåðûâ-
íî èçìåíÿåòñÿ îò òî÷êè ê òî÷êå. Äëÿ ñèíõðîíèçàöèè ÷àñîâ ëîêàëüíûõ ñèñòåì
îòñ÷¼òà ìû ïîëüçóåìñÿ êëàññè÷åñêîé ïðîöåäóðîé îáìåíà ñâåòîâûìè ñèãíàëàìè.
Ñ òî÷êè çðåíèÿ ìàòåìàòèêè  ýòî ïðîáëåìà èíòåãðèðîâàíèÿ äèåðåíöè-
àëüíîé îðìû. Òåì íå ìåíåå, èçìåíåíèå óíêöèè âäîëü ïåòëè èìååò âèä
∆x(i) =
∮
dx(i)
=
∫ ∫
c
(i)
(k)(l)dx
(k) ∧ dx(l)
=
∫ ∫
c
(i)
(k)(l)e
(k)
k e
(l)
l dx
k ∧ dxl
(4.15)
Íà ïåðâûé âçãëÿä âîçíèêàåò îùóùåíèå, ÷òî íåëüçÿ ñèíõðîíèçèðîâàòü ÷à-
ñû, ÷åãî ìû íå íàáëþäàåì íà ïðàêòèêå. Ìû äîïóñêàåì, ÷òî ñèíõðîíèçàöèÿ
âîçìîæíà äî òåõ ïîð, ïîêà ìû îïðåäåëÿåì âðåìÿ âäîëü íåçàìêíóòûõ êðèâûõ.
Ñèíõðîíèçàöèÿ íàðóøàåòñÿ, êîãäà ìû ïûòàåìñÿ ñèíõðîíèçèðîâàòü ÷àñû âäîëü
çàìêíóòîé êðèâîé.
Ýòî îçíà÷àåò íåîäíîçíà÷íîñòü îïðåäåëåíèÿ íåãîëîíîìíîé êîîðäèíàòû. 
Íà÷èíàÿ ñ ýòîãî ìåñòà, ìû íå áóäåì äåëàòü ðàçëè÷èÿ ìåæäó ãîëîíîìíûìè
è íåãîëîíîìíûìè êîîðäèíàòàìè. Ìû òàê æå áóäåì îáîçíà÷àòü b
(l)
(k) êàê a
−1(l)
(k)
â ïðåîáðàçîâàíèè Ëîðåíöà (3.1).
Õîòÿ îðìà dx(k) íå ÿâëÿåòñÿ òî÷íûì äèåðåíöèàëîì, íåòðóäíî óáåäèòü-
ñÿ, ÷òî îðìà d2x(k) ÿâëÿåòñÿ âíåøíèì äèåðåíöèàëîì îðìû dx(k). Ñëåäî-
âàòåëüíî,
(4.16) d3x(k) = 0
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Ìû ìîæåì ïðåäñòàâèòü âíåøíèé äèåðåíöèàë îðìû, çàïèñàííîé â íåãî-
ëîíîìíûõ êîîðäèíàòàõ, â âèäå
d(a(i1)...(in)dx
(i1) ∧ ... ∧ dx(in))
=a(i1)...(in),pdx
p ∧ dx(i1) ∧ ... ∧ dx(in)
−a(i1)...(in)ddx
(i1) ∧ ... ∧ dx(in) − ...− (−1)n−1a(i1)...(in)dx
(i1) ∧ ... ∧ ddx(in)
=a(i1)...(in),(p)e
(p)
p e
p
(r)dx
(r) ∧ dx(i1) ∧ ... ∧ dx(in)
−a(i1)...(in)c
(i1)
(p)(r)dx
(p) ∧ dx(r) ∧ ... ∧ dx(in) − ...
−(−1)n−1a(i1)...(in)dx
(i1) ∧ ... ∧ c
(in)
(p)(r)dx
(p) ∧ dx(r)
=(a(i1)...(in),(p) − a(r)...(in)c
(r)
(p)(i1)
− ...− a(i1)...(r)c
(r)
(p)(in)
)dx(p) ∧ dx(i1) ∧ ... ∧ dx(in)
Â ñëó÷àå îðìû d3x(k) ìû ïîëó÷èì ðàâåíñòâî
(4.17)
d(c
(k)
(i)(j)dx
(i) ∧ dx(j))
= (c
(k)
(i)(j),(p) − c
(k)
(r)(j)c
(r)
(p)(i) − c
(k)
(i)(r)c
(r)
(p)(j))dx
(p) ∧ dx(i) ∧ dx(j)
Èç ðàâåíñòâ (4.16) è (4.17) ñëåäóåò
(4.18) (c
(k)
(i)(j),(p) − c
(k)
(r)(j)c
(r)
(p)(i) − c
(k)
(i)(r)c
(r)
(p)(j))dx
(p) ∧ dx(i) ∧ dx(j) = 0
Íåòðóäíî óáåäèòüñÿ, ÷òî
(4.19)
(−c
(k)
(r)(j)c
(r)
(p)(i) − c
(k)
(i)(r)c
(r)
(p)(j))dx
(i) ∧ dx(j)
= (−c
(k)
(r)(j)c
(r)
(p)(i) + c
(k)
(r)(i)c
(r)
(p)(j))dx
(i) ∧ dx(j)
= −2c
(k)
(r)(j)c
(r)
(p)(i)dx
(i) ∧ dx(j)
Ïîäñòàâèâ (4.19) â (4.18), ïîëó÷èì
(4.20) (c
(k)
(i)(j),(p) − 2c
(k)
(r)(j)c
(r)
(p)(i))dx
(p) ∧ dx(i) ∧ dx(j) = 0
Èç (4.20) ñëåäóåò
(4.21)
c
(k)
(i)(j),(p) + c
(k)
(j)(p),(i) + c
(k)
(p)(i),(j)
= 2c
(k)
(r)(j)c
(r)
(p)(i) + 2c
(k)
(r)(p)c
(r)
(i)(j) + 2c
(k)
(r)(i)c
(r)
(j)(p)
Ìû îïðåäåëèì îðìó êðèâèçíû äëÿ ñâÿçíîñòè (4.1)
Ω = dω + [ω, ω]
ΩD = dωD + CDABω
A ∧ ωB = RDijdx
i ∧ dxj
ãäå ìû îïðåäåëÿåì îáúåêò êðèâèçíû
RDij = ∂iΓ
D
j − ∂jΓ
D
i + C
D
ABΓ
A
i Γ
B
j + Γ
D
k c
k
ij
Ôîðìà êðèâèçíû äëÿ ñâÿçíîñòè (4.2) is
(4.22) Ωac = dω
a
c + ω
a
b ∧ ω
b
c
ãäå ìû îïðåäåëèì îáúåêò êðèâèçíû
(4.23) RDij = R
a
bij = ∂iΓ
a
bj − ∂jΓ
a
bi + Γ
a
ciΓ
c
bj − Γ
a
cjΓ
c
bi + Γ
a
bkc
k
ij
Ìû îïðåäåëèì òåíçîð è÷è
Rbj = R
a
baj = ∂aΓ
a
bj − ∂jΓ
a
ba + Γ
a
caΓ
c
bj − Γ
a
cjΓ
c
ba + Γ
a
bkc
k
aj
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5. Ìåòðèêî-àèííîãî ìíîãîîáðàçèå
Â ñëó÷àå ñâÿçíîñòè (4.2) ìû îïðåäåëèì îðìó êðó÷åíèå
(5.1) T a = d2xa + ωab ∧ dx
b
Èç (4.2) ñëåäóåò
(5.2) ωab ∧ dx
b = (Γabc − Γ
a
cb)dx
c ∧ dxb
Ïîäñòàâëÿÿ (5.2) è (4.14) â (5.1) ìû ïîëó÷èì
(5.3) T a = T acbdx
c ∧ dxb = −cacbdx
c ∧ dxb + (Γabc − Γ
a
cb)dx
c ∧ dxb
ãäå ìû îïðåäåëèëè òåíçîð êðó÷åíèå
(5.4) T acb = Γ
a
bc − Γ
a
cb − c
a
cb
Êîììóòàòîð âòîðûõ ïðîèçâîäíûõ èìååò âèä
(5.5) uα;kl − u
α
;lk = R
α
βlku
β − T plku
α
;p
Èç (5.5) ñëåäóåò, ÷òî
(5.6) ξa;cb − ξ
a
;bc = R
a
dbcξ
d − T pbcξ
a
;p
Â ðèìàíîâîì ïðîñòðàíñòâå ìû have metri tensor gij è ñâÿçíîñòü Γ
k
ij . Îäíî
èç ñâîéñòâ ðèìàíîâà ïðîñòðàíñòâà - ýòî ñèììåòðèÿ ñâÿçíîñòè è ðàâåíñòâî íó-
ëþ êîâàðèàíòíîé ïðîèçâîäíîé ìåòðèêè. Ýòî ïîðîæäàåò òåñíóþ ñâÿçü ìåæäó
ìåòðèêîé è ñâÿçíîñòüþ. However ñâÿçíîñòü is not neessarily symmetri è êî-
âàðèàíòíàÿ ïðîèçâîäíàÿ ìåòðè÷åñêîãî òåíçîðà ìîæåò áûòü îòëè÷íà îò 0. Â
ïîñëåäíåì ñëó÷àå ìû ââîäèì íåìåòðè÷íîñòü
(5.7) Qijk = g
ij
;k = g
ij
,k + Γ
i
pkg
pj + Γjpkg
ip
Òàê êàê ïðîèçâîäíàÿ ìåòðè÷åñêîãî òåíçîðà íå ðàâíà 0, ìû íå ìîæåì ïîä-
íèìàòü èëè îïóñêàòü èíäåêñ òåíçîðà âíóòðè ïðîèçâîäíîé êàê ìû ýòî äåëàåì â
îáû÷íîì ðèìàíîâîì ïðîñòðàíñòâå. Òåïåðü ýòà îïåðàöèÿ ïðèíèìàåò ñëåäóþùèé
âèä
ai;k = g
ijaj;k + g
ij
;kaj
Ýòî ðàâåíñòâî äëÿ ìåòðè÷åñêîãî òåíçîðà ïðèíèìàåò ñëåäóþùèé âèä
gab;k = −g
aigbjgij;k
Îïðåäåëåíèå 5.1. Ìû áóäåì íàçûâàòü ìíîãîîáðàçèå ñ êðó÷åíèåì è íåìåò-
ðè÷íîñòüþ ìåòðèêî-àèííûì ìíîãîîáðàçèåì [3℄. 
Åñëè ìû èçó÷àåì ïîäìíîãîîáðàçèå Vn ìíîãîîáðàçèÿ Vn+m, ìû âèäèì, ÷òî
èìåðñèÿ ïîðîæäàåò ñâÿçíîñòü Γαβγ , êîòîðàÿ ñâÿçàíà ñî ñâÿçíîñòüþ â ìíîãîîá-
ðàçèè ñîîòíîøåíèåì
Γαβγe
l
α = Γ
l
mke
m
β e
k
γ +
∂elβ
∂uγ
Ñëåäîâàòåëüíî, íå ñóùåñòâóåò íåïðåðûâíîãî âëîæåíèÿ ïðîñòðàíñòâà ñ êðó÷å-
íèåì â ðèìàíîâî ïðîñòðàíñòâî.
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6. åîìåòðè÷åñêèé ñìûñë êðó÷åíèÿ
Ïðåäïîëîæèì, ÷òî a è b - íåêîëèíåàðíûå âåêòîðû â òî÷êå A (ñì. èã. 6.1).
Ìû ïðîâåä¼ì ãåîäåçè÷åñêóþ La ÷å-
ðåç òî÷êó A, èñïîëüçóÿ âåêòîð a
êàê êàñàòåëüíûé âåêòîð ê La â òî÷-
êå A. Ïóñòü τ - êàíîíè÷åñêèé ïàðà-
ìåòð íà La è
dxk
dτ
= ak
Ìû ïåðåíåñ¼ì âåêòîð b âäîëü ãåî-
äåçè÷åñêîé La èç òî÷êè A â òî÷êó
B, îïðåäåë¼ííóþ çíà÷åíèåì ïàðà-
ìåòðà τ = ρ > 0. Ìû îáîçíà÷èì
ðåçóëüòàò b′.
Ìû ïðîâåä¼ì ãåîäåçè÷åñêóþ Lb ÷å-
ðåç òî÷êó A, èñïîëüçóÿ âåêòîð b
êàê êàñàòåëüíûé âåêòîð ê Lb â òî÷-
êå A. Ïóñòü ϕ - êàíîíè÷åñêèé ïàðà-
ìåòð íà Lb è
dxk
dϕ
= bk
Ìû ïåðåíåñ¼ì âåêòîð a âäîëü ãåî-
äåçè÷åñêîé Lb èç òî÷êè A â òî÷êó
D, îïðåäåë¼ííóþ çíà÷åíèåì ïàðà-
ìåòðà ϕ = ρ > 0. Ìû îáîçíà÷èì
ðåçóëüòàò a′.
Ìû ïðîâåä¼ì ãåîäåçè÷åñêóþ Lb′
÷åðåç òî÷êó B, èñïîëüçóÿ âåêòîð
b′ êàê êàñàòåëüíûé âåêòîð ê Lb′ â
òî÷êå B. Ïóñòü ϕ′ - êàíîíè÷åñêèé
ïàðàìåòð íà Lb′ è
dxk
dϕ′
= b′k
Ìû îïðåäåëèì òî÷êó C íà ãåîäå-
çè÷åñêîé Lb′ çíà÷åíèåì ïàðàìåòðà
ϕ′ = ρ
Ìû ïðîâåä¼ì ãåîäåçè÷åñêóþ La′
÷åðåç òî÷êó D, èñïîëüçóÿ âåêòîð
a′ êàê êàñàòåëüíûé âåêòîð ê La′ â
òî÷êå D. Ïóñòü τ ′ - êàíîíè÷åñêèé
ïàðàìåòð íà La′ è
dxk
dτ ′
= a′k
Ìû îïðåäåëèì òî÷êó E íà ãåîäå-
çè÷åñêîé La′ çíà÷åíèåì ïàðàìåòðà
τ ′ = ρ
Ôîðìàëüíî ëèíèè AB è DE òàê æå, êàê ëèíèè AD è BC, ïàðàëëåëüíû.
Äëèíû îòðåçêîâ AB è DE ðàâíû òàê æå, êàê äëèíû îòðåçêîâ AD è BC ðàâíû.
Ìû íàçûâàåì òàêóþ èãóðó ïàðàëëåëîãðàììîì, ïîñòðîåííûì íà âåêòîðàõ
a è b ñ âåðøèíîé â òî÷êå A.
Òåîðåìà 6.1. Ïðåäïîëîæèì CBADE - ïàðàëëåëîãðàì ñ âåðøèíîé â òî÷êå
A; òîãäà ïîñòðîåííàÿ èãóðà íå áóäåò çàìêíóòà [4℄. Âåëè÷èíà ðàçëè÷èÿ êî-
îðäèíàò òî÷åê C è E ðàâíà ïîâåðõíîñòíîìó èíòåãðàëó êðó÷åíèÿ íàä ýòèì
ïàðàëëåëîãðàììîì
3
∆CEx
k =
∫∫
T kmndx
m ∧ dxn
Äîêàçàòåëüñòâî. Ìû ìîæåì íàéòè ïðèðàùåíèå êîîðäèíàòû xk âäîëü ãåîäå-
çè÷åñêîé â âèäå
∆xk =
dxk
dτ
τ +
1
2
d2xk
dτ2
τ2 +O(τ2) =
=
dxk
dτ
τ −
1
2
Γkmn
dxm
dτ
dxn
dτ
τ2 +O(τ2)
ãäå τ - êàíîíè÷åñêèé ïàðàìåòð è ìû âû÷èñëÿåì ïðîèçâîäíûå è êîìïîíåíòû
Γkmn â íà÷àëüíîé òî÷êå. Â ÷àñòíîñòè
∆ABx
k = akρ−
1
2
Γkmn(A)a
manρ2 +O(ρ2)
3
Äîêàçàòåëüñòâî ýòîãî óòâåðæäåíèÿ ÿ íàø¼ë â [5℄
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A
a
b
B b
′
a′
C
D
E
✄
✄
✄
✄✄✗
✟✟
✟✯ ◗◗
✻
✑
✑
✑✸
èñ. 6.1. Meaning of Torsion
âäîëü ãåîäåçè÷åñêîé La è
(6.1) ∆BCx
k = b′kρ−
1
2
Γkmn(B)b
′mb′nρ2 +O(ρ2)
âäîëü ãåîäåçè÷åñêîé Lb′ . Çäåñü
(6.2) b′k = bk − Γkmn(A)b
mdxn +O(dx)
ðåçóëüòàò ïàðàëëåëüíîãî ïåðåíîñà bk èç A â B è
(6.3) dxk = ∆ABx
k = akρ
ñ òî÷íîñòüþ äî ìàëîé ïåðâîãî ïîðÿäêà. Ïîäñòàâëÿÿ (6.3) â (6.2) è (6.2) â (6.1),
ìû ïîëó÷èì
∆BCx
k = bkρ− Γkmn(A)b
manρ2 −
1
2
Γkmn(B)b
mbnρ2 +O(ρ2)
Îáùåå ïðèðàùåíèå êîîðäèíàòû xK âäîëü ïóòè ABC èìååò âèä
∆ABCx
k = ∆ABx
k +∆BCx
k =
(6.4) = (ak + bk)ρ− Γkmn(A)b
manρ2−
−
1
2
Γkmn(B)b
mbnρ2 −
1
2
Γkmn(A)a
manρ2 +O(ρ2)
Àíàëîãè÷íî îáùåå ïðèðàùåíèå êîîðäèíàòû xK âäîëü ïóòè ADE èìååò âèä
∆ADEx
k = ∆ADx
k +∆DEx
k =
(6.5) = (ak + bk)ρ− Γkmn(A)a
mbnρ2−
−
1
2
Γkmn(D)a
manρ2 −
1
2
Γkmn(A)b
mbnρ2 +O(ρ2)
Èç (6.4) è (6.5) ñëåäóåò, ÷òî
∆ADEx
k −∆ABCx
k =
= Γkmn(A)b
manρ2 +
1
2
Γkmn(B)b
mbnρ2
1
+
1
2
Γkmn(A)a
manρ2
2
−
−Γkmn(A)a
mbnρ2 −
1
2
Γkmn(D)a
manρ2
2
−
1
2
Γkmn(A)b
mbnρ2
1
+O(ρ2)
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Äëÿ äîñòàòî÷íî ìàëîãî çíà÷åíèÿ ρ ïîä÷¼ðêíóòûå ñëàãàåìûå âçàèìíî óíè÷òî-
æàþòñÿ è ìû ïîëó÷àåì èíòåãðàëüíóþ ñóììó äëÿ âûðàæåíèÿ
∆ADEx
k −∆ABCx
k =
∫∫
Σ
(Γknm − Γ
k
mn)dx
m ∧ dxn
Îäíàêî íåäîñòàòî÷íî íàéòè ðàçíîñòü
∆ADEx
k −∆ABCx
k
÷òîáû íàéòè ðàçíîñòü êîîðäèíàò òî÷åê C è E. Êîîðäèíàòû ìîãóò áûòü íåãî-
ëîíîìíûìè è ìû äîëæíû ó÷åñòü, ÷òî êîîðäèíàòû âäîëü çàìêíóòîãî ïóòè èç-
ìåíÿþòñÿ (4.15)
∆xk =
∮
ECBADE
dxk = −
∫∫
Σ
ckmndx
m ∧ dxn
ãäå c - îáúåêò íåãîëîíîìíîñòè.
Îêîí÷àòåëüíî ðàçíîñòü êîîðäèíàò òî÷åê C è E èìååò âèä
∆CEx
k = ∆ADEx
k −∆ABCx
k +∆xk =
∫∫
Σ
(Γknm − Γ
k
mn − c
k
mn)dx
m ∧ dxn
Èñïîëüçóÿ (5.4), ìû äîêàçàëè óòâåðæäåíèå. 
7. Ñîîòíîøåíèå ìåæäó ñâÿçíîñòüþ è ìåòðèêîé
Ñåé÷àñ ìû õîòèì íàéòè, êàê ìû ìîæåì âûðàçèòü ñâÿçíîñòü, åñëè èçâåñòíû
ìåòðèêà è êðó÷åíèå. Ñîãëàñíî îïðåäåëåíèþ
−Qkij = gij;k = gij,k − Γ
p
ikgpj − Γ
p
jkgpi
−Qkij = gij,k − Γ
p
ikgpj − Γ
p
kjgpi − S
p
jkgpi
Ïåðåíåñ¼ì ïðîèçâîäíóþ g è êðó÷åíèå â ëåâóþ ÷àñòü.
(7.1) gij,k +Qkij − S
p
jkgpi = Γ
p
ikgpj + Γ
p
kjgpi
Ìåíÿÿ ïîðÿäîê èíäåêñîâ, ìû çàïèøåì åù¼ äâà óðàâíåíèÿ
(7.2) gjk,i +Qijk − S
p
kigpj = Γ
p
jigpk + Γ
p
ikgpj
(7.3) gki,j +Qjki − S
p
ijgpk = Γ
p
kjgpi + Γ
p
jigpk
Åñëè ìû âû÷òåì ðàâåíñòâî (7.1) èç ñóììû ðàâåíñòâ (7.2) è (7.1), òî ìû ïîëó÷èì
gki,j + gjk,i − gij,k +Qijk +Qjki −Qkij − S
p
ijgpk − S
p
kigpj + S
p
jkgpi = 2Γ
p
jigpk
Îêîí÷àòåëüíî ìû ïîëó÷àåì
Γpji =
1
2
gpk(gki,j + gjk,i − gij,k +Qijk +Qjki −Qkij − S
r
ijgrk − S
r
kigrj + S
r
jkgri)
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8. Ñèíõðîíèçàöèÿ ñèñòåìû îòñ÷¼òà
Òàê êàê íàáëþäàòåëü ïîëüçóåòñÿ îðòîãîíàëüíûì áàçèñîì äëÿ èçìåðåíèÿ â
êàæäîé òî÷êå, ìû ìîæåì îæèäàòü, ÷òî îí òàêæå ïîëüçóåòñÿ íåãîëîíîìíûìè
êîîðäèíàòàìè. Ìû òàê æå âèäèì, ÷òî êîîðäèíàòà âðåìåíè âäîëü ëîêàëüíîé ñè-
ñòåìû îòñ÷¼òà ÿâëÿåòñÿ ñîáñòâåííûì âðåìåíåì íàáëþäàòåëÿ. Òàê êàê ñèñòåìà
îòñ÷¼òà ñîñòîèò èç ëîêàëüíûõ ñèñòåì îòñ÷¼òà, ìû îæèäàåì, ÷òî èõ ñîáñòâåííûå
âðåìåíà ñèíõðîíèçèðîâàíû.
Ìû îïðåäåëÿåì ñèíõðîíèçàöèþ ñèñòåìû îòñ÷¼òà êàê íåãîëîíîìíóþ êî-
îðäèíàòó âðåìåíè.
Òàê êàê ñèíõðîíèçàöèÿ - ýòî íåãîëîíîìíàÿ êîîðäèíàòà, ýòî ïîðîæäàåò íî-
âûå èçè÷åñêèå ÿâëåíèÿ, êîòîðûå ìû äîëæíû èìåòü â âèäó, êîãäà ðàáîòàåì ñ
ñèëüíûìè ãðàâèòàöèîííûìè ïîëÿìè èëè âûïîëíÿåì òî÷íûå èçìåðåíèÿ. Íèæå
ÿ îïèøó îäíî èç ýòèõ ÿâëåíèé.
9. Íåãîëîíîìíûå êîîðäèíàòû â ãðàâèòàöèîííîì ïîëå
öåíòðàëüíîãî òåëà
Ìû áóäåì èçó÷àòü íàáëþäàòåëÿ, âðàùàþùåãîñÿ âîêðóã öåíòðàëüíîãî òåëà.
åçóëüòàòû îöåíî÷íû è õîðîøè, êîãäà ýêñöåíòðèñèòåò îêîëî 0, òàê êàê ìû
áóäåì èçó÷àòü êðóãîâóþ îðáèòó. Òåì íå ìåíåå, îñíîâíàÿ öåëü ýòîé îöåíêè -
ïîêàçàòü, ÷òî ìû èìååì èçìåðèìîå äåéñòâèå íåãîëîíîìíîñòè.
Ìû ïîëüçóåìñÿ ìåòðèêîé Øâàðöøèëüäà äëÿ öåíòðàëüíîãî òåëà
(9.1) ds2 =
r − rg
r
c2dt2 −
r
r − rg
dr2 − r2dφ2 − r2sin2φdθ2
rg =
2Gm
c2
G - ãðàâèòàöèîííàÿ êîíñòàíòà,m - ìàññà öåíòðàëüíîãî òåëà, c - ñêîðîñòü ñâåòà.
Ýòà ìåòðèêà èìååò ñâÿçíîñòü
Γ010 =
rg
2r(r − rg)
Γ100 =
rg(r − rg)
2r3
Γ111 = −
rg
2r(r − rg)
Γ122 = −(r − rg)
Γ133 = −(r − rg) sin
2 φ
Γ212 = −
1
r
Γ233 = − sinφ cosφ
Γ313 = −
1
r
Γ323 = cotφ
ß õî÷ó ïîêàçàòü åù¼ îäèí ñïîñîá ðàññ÷¼òà ýåêòà Äîïïëåðà. Ýåêò Äî-
ïïëåðà â ãðàâèòàöèîííîì ïîëå ÿâëÿåòñÿ õîðîøî èçó÷åííûì ÿâëåíèåì, îäíàêî
ìåòîä, êîòîðûé ÿ ïîêàæó ïîëåçåí, ÷òîáû ëó÷øå ïîíÿòü èçèêó ãðàâèòàöèîí-
íîãî ïîëÿ.
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Ìû ìîæåì îïèñàòü äâèæåíèå îòîíà â ãðàâèòàöèîííîì ïîëå, ïîëüçóÿñü åãî
âîëíîâûì âåêòîðîì ki. Äëèíà ýòîãî âåêòîðà ðàâíà 0; k
i
dxi
= const; òðàåêòîðèÿ
ÿâëÿåòñÿ ãåîäåçè÷åñêîé, è ñëåäîâàòåëüíî, êîîðäèíàòû ýòîãî âåêòîðà óäîâëå-
òâîðÿþò äèåðåíöèàëüíîìó óðàâíåíèþ
(9.2) dki = −Γiklk
kdxl
Ìû èùåì ÷àñòîòó ω ñâåòà è k0 ïðîïîðöèîíàëüíî ω. àññìîòðèì ðàäèàëüíîå
äâèæåíèå îòîíà. Â ýòîì ñëó÷àå âîëíîâîé âåêòîð èìååò âèä k = (k0, k1, 0, 0).
Â öåíòðàëüíîì ïîëå ñ ìåòðèêîé (9.1) ìû ìîæåì âûáðàòü
k0 =
ω
c
√
r
r − rg
k1 = ω
√
r − rg
r
dt =
k0
k1
dr =
1
c
r
r − rg
dr
Òîãëà óðàâíåíèå (9.2) ïðèíèìàåò âèë
dk0 = −Γ010(k
1dt+ k0dr)
d
(
ω
c
√
r
r − rg
)
= −
rgω
2r(r − rg)
(√
r − rg
r
r
r − rg
+
√
r
r − rg
)
dr
c
dω
√
r
r − rg
− ω
1
2
√
r − rg
r
rgdr
(r − rg)2
= −
rgωdr
r(r − rg)
√
r
r − rg
dω
ω
= −
rg
2r(r − rg)
dr
lnω =
1
2
ln
r
r − rg
+ lnC
Åñëè ìû îïðåäåëèì ω = ω0, êîãäà r =∞, ìû ïîëó÷èì îêîí÷àòåëüíî
ω = ω0
√
r
r − rg
10. Çàäåðæêà âðåìåíè â ãðàâèòàöèîííîì ïîëå öåíòðàëüíîãî òåëà
Ìû èçó÷èì âðàùåíèå âîêðóã öåíòðàëüíîãî òåëà. åçóëüòàòû ÿâëÿþòñÿ òîëü-
êî îöåíêîé è õîðîøè, êîãäà ýêñöåíòðèñèòåò îêîëî 0, òàê êàê ìû èçó÷àåì êðóãî-
âûå îðáèòû. Îñíîâíàÿ çàäà÷à ýòîé îöåíêè - ïîêàçàòü, ÷òî ìû èìååì èçìåðèìûé
ýåêò íåãîëîãîìíîñòè.
Äàâàéòå ñðàâíèì èçìåðåíèÿ äâóõ íàáëþäàòåëåé. Ïåðâûé íàáëþäàòåëü çà-
èêñèðîâàë ñâî¼ ïîëîæåíèå â ãðàâèòàöèîííîì ïîëå
t =
s
c
√
r
r − rg
r = const, φ = const, θ = const
Âòîðîé íàáëþäàòåëü âðàùàåòñÿ âîêðóã öåíòðà ïîëÿ ñ ïîñòîÿííîé ñêîðîñòüþ
t = s
√
r
(r − rg)c2 − α2r3
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φ = α s
√
r
(r − rg)c2 − α2r3
r = const, θ = const
Ìû âûáåðåì íàòóðàëüíûé ïàðàìåòð äëÿ îáîèõ íàáëþäàòåëåé.
Âòîðîé íàáëþäàòåëü íà÷èíàåò ñâî¼ ïóòåøåñòâèå, êîãäà s = 0, è çàâåðøàåò
åãî, êîãäà âîçâðàùàåòñÿ ê òîé æå òî÷êå ïðîñòðàíñòâà. Òàê êàê φ - öèêëè÷åñêàÿ
êîîðäèíàòà, âòîðîé íàáëþäàòåëü çàâåðøàåò ñâî¼ ïóòåøåñòâèå, êîãäà φ = 2pi. Â
ýòîé òî÷êå ìû èìååì
s2 =
2pi
α
√
(r − rg)c2 − α2r3
r
t = T =
2pi
α
Çíà÷åíèå íàòóðàëüíîãî ïàðàìåòðà ïåðâîãî íàáëþäàòåëÿ â ýòîé òî÷êå
s1 =
2pi
α
c
√
r − rg
r
àçíèöà ìåæäó èõ ñîáñòâåííûìè âðåìåíàìè
∆s = s1 − s2 =
2pi
α
(
c
√
r − rg
r
−
√
(r − rg)c2 − α2r3
r
)
Ìû îïðåäåëèëè ðàçíèöó â ñàíòèìåòðàõ. ×òîáû ïîëó÷èòü ðàçíèöó â ñåêóíäàõ,
ìû äîëæíû äåëèòü îáå ÷àñòè íà .
∆t =
2pi
α
(√
r − rg
r
−
√
r − rg
r
−
α2r2
c2
)
Ïåðåéä¼ì ê êîíêðåòíûì äàííûì.
Ìàññà Ñîëíöà ðàâíà 1.9891033 ã, Çåìëÿ âðàùàåòñÿ âîêðóã Ñîëíöà íà ðàññòî-
ÿíèè 1.4959851013 ñì îò åãî öåíòðà íàïðîòÿæåíèå 365.257 äíåé. Â ýòîì ñëó÷àå
ìû ïîëó÷èì ∆t = 0.155750625445089 ñåê. Ìåðêóðèé âðàùàåòñÿ âîêðóã Ñîëíöà
íà ðàññòîÿíèè 5.7911012 ñì îò åãî öåíòðà íàïðîòÿæåíèå 58.6462 äíåé. Â ýòîì
ñëó÷àå ìû ïîëó÷èì ∆t = 0.145358734930827 ñåê.
Ìàññà Çåìëè ðàâíà 5.9771027 ã. Êîñìè÷åñêèé êîðàáëü, êîòîðûé âðàùàåòñÿ
âîêðóã Çåìëè íà ðàññòîÿíèè 6.916108 ñì îò åãî öåíòðà íàïðîòÿæåíèå 95.6 ìèí
èìååò ∆t = 1.831810 − 6 ñåê. Ëóíà âðàùàåòñÿ âîêðóã Çåìëè íà ðàññòîÿíèè
3.841010 ñì îò åãî öåíòðà íàïðîòÿæåíèå 27.32 äíåé. Â ýòîì ñëó÷àå ìû ïîëó÷èì
∆t = 1.37210 − 5 ñåê.
Äëÿ ëó÷øåãî ïðåäñòàâëåíèÿ ÿ ïîìåñòèë ýòè äàííûå â òàáëèöû 10.1, 10.2, è
10.3.
Òàê êàê ÷àñû ïåðâîãî íàáëþäàòåëÿ â ìîìåíò âñòðå÷è ïîêàçûâàþò áîëüøåå
çíà÷åíèå, îí îöåíèâàåò âîçðàñò âòîðîãî íàáëþäàòåëÿ ñòàðøå ðåàëüíîãî. Òàê,
åñëè âçÿòü ïàðàìåòðû îðáèòû S2 èç [1℄, òî ìû ïîëó÷èì, ÷òî çà 10 Myr S2 áóäåò
ìîëîæå íà .297 Myr ïî ñðàâíåíèþ ñ îöåíêîé íåïîäâèæíîãî íàáëþäàòåëÿ.
11. Ïðåîáðàçîâàíèå Ëîðåíöà â îðáèòàëüíîì íàïðàâëåíèè
Ïðè÷èíà çàäåðæêè âðåìåíè, êîòîðóþ ìû îöåíèëè âûøå, íàõîäèòñÿ â ïðå-
îáðàçîâàíèè Ëîðåíöà ìåæäó ñòàöèîíàðíûì è âðàùàþùèìñÿ íàáëþäàòåëÿìè.
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Òàáëèöà 10.1. Ñîëíöå - öåíòðàëüíîå òåëî, ìàññà - 1.9891033 ã
ñïóòíèê Çåìëÿ Ìåðêóðèé
ðàññòîÿíèå, ñì 1.4959851013 5.7911012
ïåðèîä âðàùåíèÿ, äíåé 365.257 58.6462
çàäåðæêà âðåìåíè, ñåê 0.15575 0.14536
Òàáëèöà 10.2. Çåìëÿ - öåíòðàëüíîå òåëî, ìàññà - 5.9771027 ã
ñïóòíèê êîñìè÷åñêèé êîðàáëü Ëóíà
ðàññòîÿíèå, ñì 6.916108 3.841010
ïåðèîä âðàùåíèÿ 95.6 mins 27.32 äíåé
çàäåðæêà âðåìåíè, ñåê 1.831810 − 6 1.37210 − 5
Òàáëèöà 10.3. Sgr A - öåíòðàëüíîå òåëî, S2 - ñïóòíèê
ìàññà, M⊙ 4.1106 3.7106
ðàññòîÿíèå, ñì 1.46921016 1.15651016
ïåðèîä âðàùåíèÿ, ëåò 15.2 15.2
çàäåðæêà âðåìåíè, ìèí 164.7295 153.8326
Ýòî çíà÷èò, ÷òî ìû èìååì âðàùåíèå â ïëîñêîñòè (e(0), e(2)). Áàçèñíûå âåêòîðà
äëÿ ñòàöèîíàðíîãî íàáëþäàòåëÿ - ýòî
e(0) = (
1
c
√
r
r − a
, 0, 0, 0)
e(2) = (0, 0,
1
r
, 0)
Ìû ïðåäïîëîæèì, ÷òî äëÿ âðàùàþùåãîñÿ íàáëþäàòåëÿ èçìåíåíèå φ è t ïðî-
ïîðöèîíàëüíû è
dφ = ωdt
Åäèíè÷íûé âåêòîð ñêîðîñòè â ýòîì ñëó÷àå äîëæåí áûòü ïðîïîðöèîíàëåí âåê-
òîðó
(11.1) (1, 0, ω, 0)
Äëèíà ýòîãî âåêòîðà
(11.2) L2 =
r − a
r
c2 − r2ω2
Ìû âèäèì â ýòîì âûðàæåíèè î÷åíü çíàêîìûé óçîð è îæèäàåì, ÷òî ëèíåéíàÿ
ñêîðîñòü âðàùàþùåãîñÿ íàáëþäàòåëÿ V = ωr.
Òåì íå ìåíåå, ìû äîëæíû ïîìíèòü, ÷òî ìû âûïîëíÿåì èçìåðåíèå â ãðàâè-
òàöèîííîì ïîëå è êîîðäèíàòû ÿâëÿþòñÿ ëèøü ÿðëûêàìè äëÿ ðàçìåòêè òî÷åê
â ïðîñòðàíñòâå âðåìåíè. Ýòî çíà÷èò, ÷òî íàì íóæåí êîððåêòíûé ìåòîä äëÿ
èçìåðåíèÿ ñêîðîñòè.
Åñëè îáúåêò äâèæåòñÿ îò òî÷êè (t, φ) ê òî÷êå (t+ dt, φ+ dφ) ìû äîëæíû èç-
ìåðèòü ïðîñòðàíñòâåííûå è âðåìåííûå èíòåðâàëû ìåæäó ýòèìè òî÷êàìè. Ìû
ïðåäïîëîæèì, ÷òî â îáåèõ òî÷êàõ èìåþòñÿ íàáëþäàòåëè A è B. Íàáëþäàòåëü A
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ïîñûëàåò îäíîâðåìåííî ñâåòîâîé ñèãíàë B è ìÿ÷, êîòîðûé èìååò óãëîâóþ ñêî-
ðîñòü ω. Êàæäûé ðàç, êîãäà íàáëþäàòåëü B ïîëó÷àåò êàêóþ-òî èíîðìàöèþ,
îí ïîñûëàåò ñâåòîâîé ñèãíàë îáðàòíî A.
Êîãäà A ïîëó÷àåò ïåðâûé ñèãíàë, îí ìîæåò îöåíèòü ðàññòîÿíèå äî B. Êîãäà
A ïîëó÷àåò âòîðîé ñèãíàë, îí ìîæåò îöåíèòü, êàê äîëãî äâèãàëñÿ ìÿ÷ äî B.
Âðåìÿ ïóòåøåñòâèÿ ñâåòà â îáîèõ íàïðàâëåíèÿõ îäíî è òîæå. Òðàåêòîðèÿ
ñâåòà îïðåäåëåíà óðàâíåíèåì ds2 = 0. Â äàííîì ñëó÷àå ìû èìååì
r − rg
r
c2dt2 − r2dφ2 = 0
Êîãäà ñâåò âîçâðàùàåòñÿ ê íàáëþäàòåëþ A, èçìåíåíèå t ðàâíî
dt = 2
√
r
r − rg
c−1rdφ
Ñîáñòâåííîå âðåìÿ ïåðâîãî íàáëþäàòåëÿ ðàâíî
ds2 =
r − rg
r
c24
r
r − rg
c−2r2dφ2
Ñëåäîâàòåëüíî, ïðîñòðàíñòâåííîå ðàññòîÿíèå
L = rdφ
Êîãäà îáúåêò, äâèæóùèéñÿ ñ óãëîâîé ñêîðîñòü ω, ïðèáûâàåò â B, èçìåíåíèå t
ðàâíî
dφ
ω
. Ñîáñòâåííîå âðåìÿ â ýòîé òî÷êå ðàâíî
ds2 =
r − rg
r
c2dφ2ω−2
T =
√
r − rg
r
ω−1dφ
Ñëåäîâàòåëüíî, íàáëþäàòåëü A èçìåðÿåò ñêîðîñòü
V =
L
T
=
√
r
r − rg
rω
Ìû ìîæåì èñïîëüçîâàòü ñêîðîñòü V êàê ïàðàìåòð ïðåîáðàçîâàíèÿ Ëîðåíöà.
Òîãäà äëèíà (11.2) âåêòîðà (11.1) ðàâíà
L =
√
r − rg
r
(
c2 −
r
r − rg
r2ω2
)
=
√
r − rg
r
c
√(
1−
V 2
c2
)
Ñëåäîâàòåëüíî, âðåìåííîé îðò äâèæóùåãîñÿ íàáëþäàòåëÿ
e′(0) =
(
1
L
, 0,
ω
L
, 0
)
e′(0) =

√ r
r − rg
c−1
1√(
1− V
2
c2
) , 0, ω
√
r
r − rg
c−1
1√(
1− V
2
c2
) , 0


Ïðîñòðàíñòâåííûé îðò e′(2) = (A, 0, B, 0) îðòîãîíàëåí e
′
(0) è èìååò äëèíó −1.
Ñëåäîâàòåëüíî,
(11.3)
r − rg
r
c2
1
L
A− r2
ω
L
B = 0
(11.4)
r − rg
r
c2A2 − r2B2 = −1
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Ìû ìîæåì âûðàçèòü A èç (11.3)
A = c−2
r
r − rg
r2ωB
è ïîäñòàâèòü â (11.4)
c−2
r
r − rg
r4ω2B2 − r2B2 = −1
V 2
c2
r2B2 − r2B2 = −1
Îêîí÷àòåëüíî ïðîñòðàíñòâåííûé îðò â íàïðàâëåíèè äâèæåíèÿ
e′(2) =

c−2 r
r − rg
rω
1√
1− V
2
c2
, 0,
1
r
1√
1− V
2
c2
, 0


e′(2) =

c−2√ r
r − rg
V√
1− V
2
c2
, 0,
1
r
1√
1− V
2
c2
, 0


Ñëåäîâàòåëüíî, ìû ïîëó÷èì ïðåîáðàçîâàíèå
e′(0) =
1√
1− V
2
c2
e(0) +
V
c
1√
1− V
2
c2
e(2)
e′(2) =
V
c
1√
1− V
2
c2
e(0) +
1√
1− V
2
c2
e(2)
(11.5)
Åñëè ñòàöèîíàðíûé íàáëþäàòåëü ïîñûëàåò ñâåò â ðàäèàëüíîì íàïðàâëåíèè,
âðàùàþùèéñÿ íàáëþäàòåëü íàáëþäàåò ýåêò Äîïïëåðà
ω′ =
ω√
1− V
2
c2
Ìû äîëæíû äîáàâèòü ýåêò Äîïïëåðà äëÿ ãðàâèòàöèîííîãî ïîëÿ, åñëè äâè-
æóùèéñÿ íàáëþäàòåëü ïîëó÷àåò ðàäèàëüíóþ âîëíó, êîòîðàÿ ïðèøëà èç áåñêî-
íå÷íîñòè. Â ýòîì ñëó÷àå ýåêò Äîïïëåðà ïðèìåò îðìó
ω′ =
√
r
r − rg
ω√
1− V
2
c2
Ìû ïðèâîäèì îöåíêó äëÿ äèíàìèêè çâåçäû S2, êîòîðàÿ âðàùàåòñÿ âîêðóã
Sgr A â òàáëèöàõ 11.1 è 11.2. Òàáëèöû îñíîâàíû íà äâóõ ðàçëè÷íûõ îöåíêàõ
äëÿ ìàññû Sgr A.
Åñëè ìû âîçüì¼ì ìàññó Sgr 4.1106M⊙ [1℄, òî â ïåðèöåíòðå (ðàññòîÿíèå
1.8681015 ñì) S2 èìååò ñêîðîñòü 738767495.4 ñì/ñåê è ýåêò Äîïïëåðà ðà-
âåí ω′/ω = 1.000628. Â ýòîì ñëó÷àå ìû èçìåðÿåì äëèíó 2.16474µm äëÿ âîëíû,
èçëó÷àåìîé ñ äëèíîé 2.1661µm (Br γ). Â àïîöåíòðå (ðàññòîÿíèå 2.7691016cm) S2
èìååò ñêîðîñòü 49839993.28cm/s è ýåêò Äîïïëåðà ðàâåí ω′/ω = 1.0000232.
Ìû èçìåðÿåì äëèíó 2.166049µm äëÿ òîé æå ñàìîé âîëíû. àçíîñòü ìåæäó
äâóìÿ èçìåðåíèÿìè äëèíû âîëíû ðàâíà 13.098A˚.
Åñëè ìû âîçüì¼ì ìàññó Sgr 3.7106M⊙ [2℄, òî â ïåðèöåíòðå (ðàññòîÿíèå
1.8051015cm) S2 èìååò ñêîðîñòü 713915922.3cm/s è ýåêò Äîïïëåðà ðàâåí
18
Àëåêñàíäð Êëåéí
Ñèñòåìà îòñ÷åòà â îáùåé òåîðèè îòíîñèòåëüíîñòè
ω′/ω = 1.000587. Â ýòîì ñëó÷àå ìû èçìåðÿåì äëèíó 2.16483µm äëÿ âîëíû, èç-
ëó÷àåìîé ñ äëèíîé 2.1661µm (Br γ). Â àïîöåíòðå (ðàññòîÿíèå 2.6761016cm) S2
èìååò ñêîðîñòü 48163414.05cm/s è ýåêò Äîïïëåðà ðàâåí ω′/ω = 1.00002171.
Ìû èçìåðÿåì äëèíó 2.1666052µm äëÿ òîé æå ñàìîé âîëíû. àçíîñòü ìåæäó
äâóìÿ èçìåðåíèÿìè äëèíû âîëíû ðàâíà 12.232A˚.
Òàáëèöà 11.1. ýåêò Äîïïëåðà íà Çåìëå äëÿ âîëíû, èçëó-
÷àåìîé ñ S2; ìàññà Sgr A ðàâíà 4.1106M⊙ [1℄
ïåðèöåíòð àïîöåíòð
ðàññòîÿíèå ñì 1.8681015 2.7691016
ñêîðîñòü ñì/s 738767495.4 49839993.28
ω′/ω 1.000628 1.0000232
èçëó÷àåìàÿ âîëíà (Br γ) µm 2.1661 2.1661
íàáëþäàåìàÿ âîëíà µm 2.16474 2.166049
àçíîñòü ìåæäó äâóìÿ èçìåðåíèÿìè äëèíû âîëíû ðàâíà 13.098A˚
Òàáëèöà 11.2. ýåêò Äîïïëåðà íà Çåìëå äëÿ âîëíû, èçëó-
÷àåìîé ñ S2; ìàññà Sgr A ðàâíà 3.7106M⊙ [2℄
ïåðèöåíòð àïîöåíòð
ðàññòîÿíèå ñì 1.8051015 2.6761016
ñêîðîñòü ñì/s 713915922.3 48163414.05
ω′/ω 1.000587 1.00002171
èçëó÷àåìàÿ âîëíà (Br γ) µm 2.1661 2.1661
íàáëþäàåìàÿ âîëíà µm 2.16483 2.1666052
àçíîñòü ìåæäó äâóìÿ èçìåðåíèÿìè äëèíû âîëíû ðàâíà 12.232A˚
àçíîñòü ìåæäó äâóìÿ èçìåðåíèÿìè äëèíû âîëíû â ïåðèöåíòðå ðàâíà 0.9A˚.
Àíàëèçèðóÿ ýòè äàííûå, ìû ïðèõîäèì ê çàêëþ÷åíèþ, ÷òî èñïîëüçîâàíèå ý-
åêòà Äîïïëåðà ìîæåò ïîìî÷ü óëó÷øèòü îöåíêó ìàññû Sgr A.
12. Ïðåîáðàçîâàíèå Ëîðåíöà â ðàäèàëüíîì íàïðàâëåíèè
Ìû âèäèì, ÷òî ïðåîáðàçîâàíèå Ëîðåíöà â îðáèòàëüíîì íàïðàâëåíèè èìååò
çíàêîìûé âèä. Î÷åíü èíòåðåñíî óâèäåòü, êàêîé âèä ýòî ïðåîáðàçîâàíèå èìååò
â ðàäèàëüíîì íàïðàâëåíèè. Ìû íà÷í¼ì ñ ïðîöåäóðû èçìåðåíèÿ ñêîðîñòè è
áóäåì ïîëüçîâàòüñÿ êîîðäèíàòíîé ñêîðîñòüþ v
(12.1) dr = vdt
Âðåìÿ ïóòåøåñòâèÿ ñâåòà â îáîèõ íàïðàâëåíèÿõ îäíî è òîæå. Òðàåêòîðèÿ ñâåòà
îïðåäåëåíà óðàâíåíèåì ds2 = 0.
r − rg
r
c2dt2 −
r
r − rg
dr2 = 0
Êîãäà ñâåò âîçâðàùàåòñÿ ê íàáëþäàòåëþ A, èçìåíåíèå t ðàâíî
dt = 2
r
r − rg
c−1dr
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Ñîáñòâåííîå âðåìÿ íàáëþäàòåëÿ A ðàâíî
ds2 =
r − rg
r
c24
r2
r − rg2
c−2dr2 =
= 4
r
r − rg
dr2
Ñëåäîâàòåëüíî, ïðîñòðàíñòâåííîå ðàññòîÿíèå ðàâíî
L =
√
r
r − rg
dr
Êîãäà îáúåêò, äâèæóùèéñÿ ñî ñêîðîñòüþ (12.1), ïðèáûâàåò â B èçìåíåíèå t
ðàâíî
dr
v
. Ñîáñòâåííîå âðåìÿ íàáëþäàòåëÿ A â ýòîé òî÷êå
ds2 =
r − rg
r
c2dr2v−2
T =
√
r − rg
r
v−1dr
Ñëåäîâàòåëüíî, íàáëþäàòåëü A èçìåðÿåò ñêîðîñòü
V =
L
T
==
√
r
r−rg
dr√
r−rg
r
v−1dr
=
=
r
r − rg
v
Òåïåðü ìû ãîòîâû íàéòè ïðåîáðàçîâàíèå Ëîðåíöà. Áàçèñíûå âåêòîðà äëÿ
ñòàöèîíàðíîãî íàáëþäàòåëÿ - ýòî
e(0) =
(
1
c
√
r
r − rg
, 0, 0, 0
)
e(1) =
(
0,
√
r − rg
r
, 0, 0
)
Åäèíè÷íûé âåêòîð ñêîðîñòè äîëæåí áûòü ïðîïîðöèîíàëåí âåêòîðó
(12.2) (1, v, 0, 0)
Äëèíà ýòîãî âåêòîðà
L2 =
r − rg
r
c2 −
r
r − rg
v2 =
=
r − rg
r
c2
(
1−
V 2
c2
)
(12.3)
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Ñëåäîâàòåëüíî, âðåìåííîé îðò äâèæóùåãîñÿ íàáëþäàòåëÿ
e′(0) =
(
1
L
,
v
L
, 0, 0
)
=
=

√ r
r − rg
c−1
1√(
1− V
2
c2
) , v
√
r
r − rg
c−1
1√(
1− V
2
c2
) , 0, 0


=

√ r
r − rg
c−1
1√(
1− V
2
c2
) , Vc
√
r − rg
r
1√(
1− V
2
c2
) , 0, 0


Ïðîñòðàíñòâåííûé îðò e′(1) = (A,B, 0, 0) îðòîãîíàëåí e
′
(0) è èìååò äëèíó −1.
Ñëåäîâàòåëüíî,
(12.4)
r − rg
r
c2
1
L
A−
r
r − rg
v
L
B = 0
(12.5)
r − rg
r
c2A2 −
r
r − rg
B2 = −1
Ìû ìîæåì âûðàçèòü A èç (12.4)
A = c−2
r2
(r − rg)2
vB = c−2
r
r − rg
V B
è ïîäñòàâèòü â (12.5)
r − rg
r
c2c−4
r2
(r − rg)2
V 2B2 −
r
r − rg
B2 = −1
r
r − rg
B2
(
1−
V 2
c2
)
= 1
B2 =
r − rg
r
1
1− V
2
c2
B =
√
r − rg
r
1√
1− V
2
c2
A = c−2
r
r − rg
V
√
r − rg
r
1√
1− V
2
c2
= c−2V
√
r
r − rg
1√
1− V
2
c2
Îêîí÷àòåëüíî ïðîñòðàíñòâåííûé îðò â íàïðàâëåíèè äâèæåíèÿ
e′(1) =

c−2V√ r
r − rg
1√
1− V
2
c2
,
√
r − rg
r
1√
1− V
2
c2
, 0, 0


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Ñëåäîâàòåëüíî, ìû ïîäó÷àåì ïðåîáðàçîâàíèå â çíàêîìîé îðìå
e′(0) =
1√
1− V
2
c2
e(0) +
V
c
1√
1− V
2
c2
e(1)
e′(1) =
V
c
1√
1− V
2
c2
e(0) +
1√
1− V
2
c2
e(1)
(12.6)
13. Ýåêò Äîïïëåðà â ïðîñòðàíñòâå Ôðèäìàíà
Ìû ðàññìîòðèì äðóãîé ïðèìåð â ïðîñòðàíñòâå Ôðèäìàíà. Ìåòðèêà ïðî-
ñòðàíñòâà èìååò âèä
ds2 = a2(dt2 − dχ2 − sin2 χ(dθ2 − sin2 θdφ2))
äëÿ çàêðûòîé ìîäåëè è
ds2 = a2(dt2 − dχ2 − sinh2 χ(dθ2 − sin2 θdφ2))
äëÿ îòêðûòîé ìîäåëè. Ñâÿçíîñòü ïðîñòðàíñòâà (α, β ïðèíèìàþò çíà÷åíèÿ 1,
2, 3)
Γ000 =
a˙
a
Γ0αα = −
a˙
a2
gαα
Γα0β =
a˙
a
δαβ
Ïîñêîëüêó ïðîñòðàíñòâà îäíîðîäíî, äëÿ íàñ íå èìååò çíà÷åíèå íàïðàâëåíèå
ðàñïðîñòðàíåíèÿ ñâåòà. Â ýòîì ñëó÷àå
dk0 = −Γ0ijk
ikj
Òàê êàê k - èçîòðîïíûé âåêòîð, êàñàòåëüíûé ê åãî òðàåêòîðèè, ìû èìååì
dxα =
kα
k0
dt
Òàê êàê k0 = ω
a
, òî
d
ω
a
= −
da
a2
ω +
da
ωa
gααk
αkα = −2
da
a2
ω
adω + ωda = 0
aω = const
Ñëåäîâàòåëüíî, êîãäà a ðàñò¼ò, ω ñòàíîâèòñÿ ìåíüøå è äëèíà âîëíû ðàñò¼ò.
a ðàñò¼ò, êîãäà ñâåò ïóòåøåñòâóåò ñêâîçü ïðîñòðàíñòâî âðåìÿ, è ýòî ïðèâîäèò
ê êðàñíîìó ñìåùåíèþ. Ïðè÷èíîé íàáëþäàåìîãî êðàñíîãî ñìåùåíèÿ ÿâëÿåòñÿ
íå ðàçáåãàíèå ãàëàêòèê, à èçìåíåíèå ãåîìåòðèè.
àññìîòðèì òåïåðü êàê êðàñíîå ñìåùåíèå ìåíÿåòñÿ âî âðåìåíè, åñëè íà÷àëü-
íàÿ è êîíå÷íàÿ òî÷êè íå äâèæóòñÿ. Äëÿ ïðîñòîòû ÿ áóäó èçìåíÿòü òîëüêî χ.
χ1 - íà÷àëüíîå çíà÷åíèå è χ2 - êîíå÷íîå çíà÷åíèå. Òàê êàê íà òðàåêòîðèè ñâåòà
dt = dχ, ìû èìååì
χ = χ1 + t− t1 t2 = χ2 − χ1 + t1
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Ñëåäîâàòåëüíî a(t1)ω1 = a(t2)ω2. Ñìåùåíèå Äîïïëåðà èìååò âèä
K(t1) =
ω2
ω1
=
a(t1)
a(t2)
Åñëè íà÷àëüíîå âðåìÿ èçìåíÿåòñÿ t'1 = t1 + dt, òî K(t1 + dt) = a(t1 + dt) /
a(t2 + dt) Ïðîèçâîäíàÿ K ïî âðåìåíè èìååò âèä
K˙ =
a˙1a2 − a1a˙2
a22
Äëÿ çàìêíóòîãî ïðîñòðàíñòâà a = cosh t. Òîãäà a˙ = sinh t.
K˙ =
sinh t1 cosh t2 − sinh t2 cosh t1
cosh2 t2
=
sinh(t1 − t2)
cosh2 t2
K óìåíüøàåòñÿ, êîãäà t1 óâåëè÷èâàåòñÿ.
14. Ïðåîáðàçîâàíèå Ëîðåíöà â ïðîñòðàíñòâå Ôðèäìàíà
×òîáû èçó÷èòü ïðåîáðàçîâàíèå Ëîðåíöà â ïðîñòðàíñòâå Ôðèäìàíà, ÿ õî÷ó
âîñïîëüçîâàòüñÿ ìåòðèêîé â îðìå
ds2 = c2dt2 − a2(dχ2 + b2(dθ2 − sin2 θdφ2))
Ó ìåíÿ åñòü äâà íàáëþäàòåëÿ. Îäèí íå äâèæåòñÿ è èìååò ñêîðîñòü (1, 0, 0, 0),
à äðóãîé äâèæåòñÿ âäîëü χ è åãî ñêîðîñòü èìååò âèä C = (1, v, 0, 0), è ìû
ïîëîæèì V = av.
Ìåòðèêà äèàãîíàëüíà è êîîðäèíàòû θ, φ íå ìåíÿþòñÿ. Ó íàñ âîçíèêàåò ïðå-
îáðàçîâàíèå â ïëîñêîñòè t, χ.
Åäèíè÷íàÿ ñêîðîñòü ïåðâîãî íàáëþäàòåëÿ èìååò âèä
e0 = (
1
c
, 0, 0, 0)
è âåêòîð, îðòîãîíàëüíûé åé, èìååò âèä
e1 = (0,
1
a
, 0, 0)
Äëèíà âåêòîðà C èìååò âèä
L =
√
c2 − a2v2 = c
√
1−
V 2
c2
Ñëåäîâàòåëüíî, åäèíè÷íûé âåêòîð ñêîðîñòè âòîðîãî íàáëþäàòåëÿ èìååò âèä
e′0 = (
1
L
,
v
L
, 0, 0)
Ìû èùåì âåêòîð
e′1 = (A,B, 0, 0)
êîòîðûé îðòîãîíàëåí âåêòîðó e′0. Äëÿ ýòîãî ìû èìååì
(14.1) c2A2 − a2B2 = −1
(14.2) c2A
1
L
− a2B
v
L
= 0
Ìû ïîëó÷èì èç óðàâíåíèÿ (14.2)
(14.3) A =
a2
c2
vB
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Ìû ïîäñòàâèì (14.3) â (14.1) è ïîëó÷èì
B2(
a4
c2
v2 − a2) = −1
B =
1
a
√
1− V
2
c2
Ñëåäîâàòåëüíî áàçèñ âòîðîãî íàáëþäàòåëÿ èìååò âèä
e′0 = (
1
c
√
1− V
2
c2
,
V
ca
√
1− V
2
c2
, 0, 0)
e′1 = (
V
c2
√
1− V
2
c2
,
1
a
√
1− V
2
c2
, 0, 0)
Òåïåðü ìû ìîæåì âûðàçèòü e′ ÷åðåç e
e′0 =
1√
1− V
2
c2
e0 +
V
c
1√
1− V
2
c2
e1
e′1 =
V
c
1√
1− V
2
c2
e0 +
1√
1− V
2
c2
e1
15. Ñïèñîê ëèòåðàòóðû
[1℄ Ghez et al., The First Measurement of Spetral Lines in a Short-Period
Star Bound to the Galaxy's Central Blak Hole: A Paradox of Youth,
ApJL, 586, L127 (2003), eprint arXiv:astro-ph/0302299 (2003)
[2℄ R. Shodel et al., A star in a 15.2-year orbit around the supermassive blak
hole at the entre of the Milky Way, Nature 419, 694 (2002)
[3℄ Ekehard W. Mielke, Ane generalization of the Komar omplex of general
relativity, Phys. Rev. D 63, 044018 (2001)
[4℄ F. W. Hehl, P. von der Heyde, G. D. Kerlik, and J. M. Nester, General
relativity with spin and torsion: Foundations and prospets, Rev. Mod. Phys. 48, 393
(1976)
[5℄ . Å. Øèëîâ, Ìàòåìàòè÷åñêèé àíàëèç, Ôóíêöèè íåñêîëüêèõ âåùåñòâåí-
íûõ ïåðåìåííûõ, ÷àñòè 1 - 2, Ì., Íàóêà, 1972
[6℄ Angelo Tartaglia and Matteo Lua Ruggiero, Angular Momentum Eets in
Mihelson-Morley Type Experiments, Gen.Rel.Grav. 34, 1371-1382 (2002),
eprint arXiv:gr-q/0110015 (2001)
[7℄ Yukio Tomozawa, Speed of Light in Gravitational Fields, eprint arXiv:astro-ph/0303047
(2004)
[8℄ Joao Magueijo, Covariant and loally Lorentz-invariant varying speed of
light theories, Phys. Rev. D 62, 103521 (2000), eprint arXiv:gr-q/0007036
(2000)
[9℄ Brue A. Bassett, Stefano Liberati, Carmen Molina-Paris, and Matt Visser,
Geometrodynamis of variable-speed-of-light osmologies, Phys. Rev. D 62,
103518 (2000), eprint arXiv:astro-ph/0001441 (2000)
[10℄ Lohlainn O'Raifeartaigh and Norbert Straumann, Gauge theory: Historial
origins and some modern developments, Rev. Mod. Phys. 72, 1 (2000)
24
Àëåêñàíäð Êëåéí
Ñèñòåìà îòñ÷åòà â îáùåé òåîðèè îòíîñèòåëüíîñòè
[11] Claus La¨mmerzahl, Mark P. Haugan, On the interpretation of Michelson-
Morley experiments, Phys. Lett. A282 223-229 (2001),
eprint arXiv:gr-qc/0103052 (2001)
[12] Holger Muller et al., Modern Michelson-Morley Experiment using Cryo-
genic Optical Resonators, Phys. Rev. Lett. 91, 020401 (2003), eprint arXiv:physics/0305117
(2000)
[13] Antonio F. Ranada, Pioneer acceleration and variation of light speed: ex-
perimental situation, eprint arXiv:gr-qc/0402120 (2004)
[14℄ Àëåêñàíäð Êëåéí, Ìíîãîîáðàçèå áàçèñîâ, eprint arXiv:math.DG/0412391
(2004)
25
16. Ïðåäìåòíûé óêàçàòåëü
G-ñèñòåìà îòñ÷¼òà 3
ãîëîíîìíûå êîîðäèíàòû âåêòîðà 4
ãîëîíîìíûå êîîðäèíàòû ñâÿçíîñòè 5
êîîðäèíàòíàÿ ñèñòåìà îòñ÷¼òà 3
ëîêàëüíàÿ ñèñòåìà îòñ÷¼òà 4
ìåòðèêî-àèííîå ìíîãîîáðàçèå 9
íåãîëîíîìíàÿ êîîðäèíàòà 6
íåãîëîíîìíûå êîîðäèíàòû âåêòîðà 4
íåãîëîíîìíûå êîîðäèíàòû íà
ìíîãîîáðàçèè 7
íåãîëîíîìíûå êîîðäèíàòû ñâÿçíîñòè 5
íåìåòðè÷íîñòü 9
îáúåêò íåãîëîíîìíîñòè 6
ïàðàëëåëîãðàìì 10
ïðåîáðàçîâàíèå Ëîðåíöà 4
ïàîâà ïðîèçâîäíàÿ 3
ñèíõðîíèçàöèÿ ñèñòåìû îòñ÷¼òà 13
ñèñòåìà îòñ÷¼òà â ïðîñòðàíñòâå ñîáûòèé
4
òåíçîð êðó÷åíèÿ 9
îðìà êðó÷åíèå 9
26
17. Ñïåöèàëüíûå ñèìâîëû è îáîçíà÷åíèÿ
a(i) íåãîëîíîìíûå êîîðäèíàòû âåêòîðà 5
ai ãîëîíîìíûå êîîðäèíàòû âåêòîðà 4
e(k) îðìà ñèñòåìû îòñ÷¼òà 3
ek
(i)
ñòàíäàðòíûå êîîðäèíàòû ñèñòåìû
îòñ÷¼òà 3
e(i) âåêòîðíîå ïîëå ñèñòåìû îòñ÷¼òà 3
e =< e(i), i ∈ I > ñèñòåìà îòñ÷¼òà 3
e = (e(k), e
(k)) ñèñòåìà îòñ÷¼òà,
ðàñøèðåííîå îïðåäåëåíèå 3
x(k) íåãîëîíîìíàÿ êîîðäèíàòà 6
Γ
(k)
(i)(j)
íåãîëîíîìíûå êîîðäèíàòû
ñâÿçíîñòè 5
Γkij ãîëîíîìíûå êîîðäèíàòû ñâÿçíîñòè 5
c
(i)
(k)(l)
îáúåêò íåãîëîíîìíîñòè 6
(∂i, dsi) êîîðäèíàòíàÿ ñèñòåìà îòñ÷¼òà 3
∂(k) ïðîèçâîäíàÿ âäîëü âåêòîðíîãî ïîëÿ
e(k) 6
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